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A B S T R A C T

Decarbonising and decontaminating remote regions in the world presents several challenges. Many of these
regions feature isolation, dispersed demand in large areas, and a lack of economic resources that impede the
development of robust and sustainable networks. Furthermore, isolated systems in the developing world are
mostly based on diesel generation for electricity, and firewood and liquefied petroleum gas for heating, as these
options do not require a significant infrastructure cost. In this context, we present a stochastic multi-energy
multi-microgrid system planning model that integrates electricity, heat and hydrogen networks in isolated
systems. The model is stochastic to capture uncertainty in renewable generation outputs, particularly hydro
and wind, and thus design a multi-energy system proved secured against such uncertainty. The model also
features two distinct constraints to limit the emissions of CO2 (for decarbonisation) and particulate matter
(for decontamination), and incorporates firewood as a heating source. Moreover, given that the focus is on
low-voltage networks, we introduce a fully linear AC power flow equations set, allowing the planning model
to remain tractable. The model is applied to a real-world case study to design a multi-energy multi-microgrid
system in an isolated region in Chilean Patagonia. In a case with a zero limit over direct CO2 emissions,
the total system’s cost increases by 34% with respect to an unconstrained case. In a case with a zero limit
over particulate matter emissions, the total system’s cost increases by 189%. Finally, although an absolute
zero limit over both, particulate matter and direct CO2 emissions, leads to a total system’s cost increase of
650%, important benefits in terms of decarbonisation and decontamination can be achieved at marginal cost

increments.
1. Introduction

As set out by the Intergovernmental Panel on Climate Change (IPCC)
in its Sixth Assessment Report, it is unequivocal that human activity has
caused continuous increases in greenhouse gas (GHG) concentrations,
leading to unprecedented warming in the atmosphere, ocean and land.
Human-induced climate change is already causing many extreme events
such as heatwaves, heavy precipitation, or droughts, among others, and
the IPCC has emphasised that future emissions will cause additional
warming [1]. Globally, 75% of GHG emissions come from the energy
sector [2]. Mitigation and adaptation measures will therefore lead to
important changes in energy systems worldwide.

Additionally to decarbonising, several countries in Asia and the
Global South are experiencing challenges related to reducing air pol-
lution, specifically particulate matter PM2.5 emissions [3]. In several
of these countries, PM2.5 emissions are associated to intensive use of
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firewood and contaminating biomass for heating and cooking purposes.
One of such countries is Chile, for which biomass supplies 38% of its
residential total energy demand, mostly via combustion of firewood for
heating [4]. Chile declared two mitigation contributions in its updated
Nationally Determined Contributions (NDC) [5]: First, meeting a car-
bon budget and reaching net-zero carbon emissions by 2050. Second,
reducing its black carbon emissions (PM2.5) by 25% with respect to
2016 levels over the next decade. For Chile – as well as for many other
Global South and Asian countries – PM2.5 reduction targets imply that
the use of biomass for heating needs to be reduced, posing the challenge
of moving away from a low-carbon resource while at the same time
reducing GHG emissions.

Deep decarbonisation of the energy system is a cross-sector problem
that cannot be addressed solely by focusing on decarbonising the
electricity sector [6], since energy service demands such as heating
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have been identified as one of the main sources for GHG emissions
worldwide, and for particulate matter in the aforementioned regions.
In this context, while the option of electrifying heat via heat pumps
can be appealing, other alternatives such as installing district heating
networks supplied by low carbon technologies [7]; fuel switching to
low-carbon fuels such as hydrogen [8]; or installing combined heat
and power (CHP) units [9], among others, are potentially competitive
solutions that can reduce the electricity infrastructure that would be
required to electrify all energy service demands.

In order to find solutions that can simultaneousely address both
decarbonisation and decontamination goals in energy systems, planning
and design frameworks that integrate multiple energy vectors and
that account for the different emissions involved are necessary, taking
advantage of synergies and flexibilities across vectors and sectors. In
addition, the variability and uncertainty associated with renewable
resources must be considered in order to obtain reliable solutions to
scenarios of low availability of these resources. This work proposes such
a modelling framework: It presents a two-stage stochastic optimisation
mathematical model which determines the optimal investments and op-
erations of an integrated electricity, heat and hydrogen energy system,
considering different heat supply energy vectors to displace the use of
contaminating fuels. The model is applied to an isolated region in the
south of Chile, Chilean Patagonia, with an intense use of firewood and
liquefied petroleum gas (LPG) for heating, and a high share of diesel
in electricity generation. The novelty of this work is that it presents
an integrated stochastic multi-energy multi-microgrid system planning
model that includes a detailed representation of power flows using
an AC formulation – i.e. considering both active and reactive powers
to appropriately represent the physics of low voltage grids such as
microgrids – and includes firewood as an energy carrier together with
its associated particulate matter emissions.

1.1. Literature review

Significant progress has been made in recent years to reduce power
systems’ GHG emissions globally through the massive roll-out of re-
newable generation. However, in order to decarbonise whole-energy
systems, cross-sector and cross-vector approaches are needed, since
energy service demands such as heating, cooling, and transport, are
still heavily reliant on fossil fuels. Heating is the largest end-use energy
demand, representing around 50% of final energy consumption and
40% of carbon emissions globally [10]. In this context, multi-energy
systems integration represents a pathway for deep decarbonisation of
whole-energy systems [11].

Multi-energy systems are defined as those in which different energy
vectors such as electricity, heat and other fuels interact in an optimal
way [12]. These systems have been studied as an alternative for increas-
ing technical, environmental and economic performance compared to
classical systems in which these vectors are operated and planned sep-
arately [13]. Furthermore, the integration of different energy vectors
has been proposed as an alternative to incorporate more flexibility into
electrical systems [14]. For example, heat demands could potentially
provide flexibility, as they are able to rapidly increase or decrease
consumption without major impacts, due to thermal inertia in build-
ings [15]. Heat pumps and electric resistors can capitalise on free
electricity from surplus renewables, as they can operate with thermal
storage units to charge using free or low-cost electricity, and discharge
to supply heat when electricity prices are high [16]. Distributed multi-
generation systems have been proved able to provide real-time demand
response from shifting heating or cooling energy [17], in a profitable
way. Different models and mathematical tools have been proposed
to study the integration of energy vectors using different approaches.
Research ranges from the dynamic analysis of flows and interactions
in integrated systems [18], through optimisation of integrated systems’
operation [19], to larger-scale problems such as long-term planning of
2

multi-energy systems [20].
In [21] a multi-temporal simulation model has been proposed for
the analysis of systems integrating electricity, heat and gas networks.
In this model, flow equations for the three energy vectors are repre-
sented by non-linear equations and solved simultaneously using a novel
Newton–Raphson approach. The methodology is applied to a real case
study of a multi-energy district system in the University of Manchester
Campus. The model was proven able to very closely represent the
interactions between different networks, as well as their losses.

In terms of operation optimisation studies in integrated systems,
a robust operation optimisation model for smart districts with multi-
energy technologies and integrated energy networks is proposed
in [22]. The model is a two-stage iterative model. Its first stage consists
of a mixed integer linear programme (MILP) using linear approxima-
tions of the network equations, while its second stage consists of a
detailed non-linear integrated network model. The model is able to
capture the system’s uncertainty and evaluate its flexibility under stress
conditions, determining its optimal operation. In [23] a model for the
integrated management of active power and heat networks is presented,
which is based on a dynamic dual-horizon AC-OPF optimal power flow
that optimises the operation of different multi-energy technologies,
considering active and reactive losses in the power grid and inter-
temporal constraints. In the first stage, the day-ahead operation is
planned with an hourly resolution, considering the daily electricity
market conditions and the wind power forecast. In the second stage,
operations are optimised for a 4-hour rolling horizon with a 15-
minute resolution, taking into account both the short-term wind power
forecast and the planned operation suggested in the previous stage.
The case study considers a typical UK medium voltage distribution
network. Ref. [24] propose a model for minimising operation costs of
multi-energy multi-microgrid systems while taking into account carbon
emission limits. The optimal strategy proposed in this work consists
on a day-ahead stage where microgrids share electricity and operate
individually, and an intra-day scheduling stage where operation and
penalty costs are minimised sequentially for each microgrid.

Regarding long-term multi-energy systems planning studies, [25]
proposes a stochastic mixed integer linear stochastic optimisation model
for the planning and operation of multi-energy systems with distributed
generation. The model considers the evaluation of flexibility in the
investment and operation stages and is based on the use of real options
financial thinking (RO Thinking). The methodology is applied to a UK-
based case considering district energy systems. This model does not
consider networks, formulating the problem in a uni-nodal way. [26]
studies the role of power-to-gas and carbon capture in Belgium’s de-
carbonisation pathways. The authors propose an optimisation model
for centralised long-term planning of multi-energy systems includ-
ing electricity, hydrogen, natural gas, synthetic methane and carbon
dioxide. The model determines and sizes investments in generation,
conversion, storage, and carbon capture technologies, minimising the
cost of supplying energy demands heating, transport and industry
sectors. As for [25], this model does not include a spatial representation
of transport networks for the different energy carriers.

Ref. [27] presents an optimisation MILP model that minimises
the cost of supplying heat and electricity to a spatially disaggregated
region under a multi-period formulation. The model makes decisions
about investments in gas, electricity and heat networks, along with
optimal investments and operation of end-use technologies. Network
infrastructure decisions consider distances both between and within
zones, representing in this way the distribution networks involved. The
model is applied in a UK case-study. [28] propose an extension of this
model in order to study the role of hydrogen for decarbonising heat
in urban areas in the UK. The extension consists on two formulations
for hydrogen networks: the first through stand-alone networks, and
the second via upgrading existing natural gas networks and making
them suitable for hydrogen transport. In [29] a multi-energy system
optimisation model is proposed to maximise investment and opera-

tional synergy in the electricity, heat and transport sectors, considering



Applied Energy 343 (2023) 121143C. Carvallo et al.
the integration of a hydrogen system to minimise overall costs. The
model was applied in a future system in Great Britain. One of this
model’s limitations is not considering stochastic scenarios to represent
the uncertainty associated with renewable sources. A further limitation
in [27–29] is that power flows are simplified to their DC formulation,
without considering reactive power and voltages.

Recent studies show that hydrogen has taken a leading role when
modelling multi-energy systems, due to its ability to compensate for
seasonal or daily variations in renewable generation [30], its ability
to integrate with a renewable power systems [31] and low-carbon
transport sectors [32], or its potential ability to be stored in installed
gas infrastructure [33], among others. [34], for example, propose a
MILP optimisation model for the optimal design of district-scale multi-
energy systems with seasonal hydrogen storage capacity. The novelty of
the model is that it captures uncertainty in the input data and performs
Monte Carlo simulations for a sensitivity analysis. The operation is
solved for all the hours in a year, which implies high computational
costs. The model, however, does not consider network flows, nor
network infrastructure costs. Ref. [35] propose an integrated energy
systems model, where hydrogen can be produced, stored, and used.
The model uses a combination of stochastic and robust optimisation
approaches. A relevant aspect of this work is that it incorporates a
seasonal hydrogen storage model while reducing the time dimension of
the problem using a typical days formulation. In terms of the electricity
network, it incorporates a linear representation of the AC flows in the
active distribution network, without considering losses. The methodol-
ogy is applied on the IEEE-33 Power System test network. Finally, [36]
propose an integrated model for planning an operation of multi-energy
multi-microgrids, for the provision of heating, cooling, and power. The
model minimises the whole-system’s costs, considering bi-directional
interactions between electricity and gas vectors. However, this model
does not provide a detailed representation of networks, nor does it
incorporate elements of uncertainty.

The revised literature shows and discusses the value of integrated
planning of multi-energy systems over the planning of energy vectors
treated independently. One of the most relevant challenges identified
is the representation of low-voltage networks and flows, both electrical
and thermal. This is critical in the case of microgrids and distribu-
tion systems. Very detailed models of the operation and dynamics
of the different flows limit the models’ scalability and reproducibil-
ity, given the non-linear equations involved. Further, when analysing
recent models for optimal planning and operation of multi-energy
and multi-microgrid systems, we identified that there is a trade-off
in existing models on incorporating detailed network operational con-
straints versus including investment decisions. Models that incorporate
fairly detailed operational constraints and stochastic scenarios do not
consider decisions on investments in technologies and networks. On
the other hand, optimisation models that make investment decisions
treat the modelled systems either as uninodal, or include very simpli-
fied constraints for electricity networks, for example, considering DC
flows or lossless AC flows. Finally, in terms of heating technologies,
firewood, so far, has not been included in multi-energy and multi-
microgrid system models as a thermal energy supply vector. Firewood
plays a particularly prominent role in supplying heat demands in the
Global South, considering its low operating costs and emission factors.
However, its high air pollution indexes make its role uncertain in future
decarbonisation scenarios.

1.2. Contributions of this paper

The most important contributions of this work are:

• Presenting a stochastic multi-energy multi-microgrid system
model that makes investment and operation decisions for the
planning and operation of integrated electricity, heat and hy-
drogen isolated systems. The model is stochastic to incorporate
3

uncertainty in renewable generation outputs, designing a multi-
energy system proved secured against various generation profiles
of renewables.

• Representing the power flows – in the context of multi-energy sys-
tem planning models – using an AC formulation, i.e. considering
both active and reactive powers. This is critical to obtain realistic
results in the context of low-voltage networks such as microgrids.
This is made possible by, firstly, convexification and, secondly,
linearisation of the power flow equations that allow the model to
be written in mixed integer linear form.

• Modelling of firewood as an energy carrier for supplying ther-
mal energy in an integrated multi-energy system model. In this
work, firewood can be totally or partially replaced by means of
generation and storage technologies, displacing particulate matter
emissions.

• Incorporating, along with classical CO2 emission constraints, par-
ticulate matter constraints. Hence, by adjusting the right-hand
side of these constraints, different designs of the multi-energy
multi-microgrid system can be obtained.

The model is then applied to a real case study of an isolated
system in the Global South, particularly in the Chilean Patagonia –
characterised by its intensive use of firewood for heating and high
levels of particulate matter emissions which are hazardous to health
– to understand the advantages of integrated planning, and assess
possible decarbonisation and decontamination pathways for regions
with similar characteristics.

2. Methodology

2.1. Model overview

The model proposed in this research is a two-stage stochastic op-
timisation model that makes investment and operating decisions to
minimise the cost of supplying heating – space and hot water – and
electricity energy service demands in residential and commercial sec-
tors. Investment decisions are the capacities of primary, secondary,
and end-use technologies supplying electricity, heat and hydrogen,
together with network capacities required to transport and distribute
each energy carrier. Operational decisions are the operation profiles of
generation and storage technologies for each energy vector, for a set
of stochastic scenarios. The source of uncertainty comes from hydro-
logical and wind resource availability scenarios. Hence, the portfolio
of investment decisions determined is proved secured against a range
of scenarios that might occur, particularly those with small renew-
able energy contribution. The proposed model corresponds to a two-
stage stochastic optimisation model, where uncertainty is represented
through a scenario tree (particularly, a fan-like scenario tree) [37].
The model optimises investment decisions in the first stage (variables
common to all scenarios) and operational decisions in the second
stage (scenario-dependent variables). The scenario tree is designed by
processing historical data, attempting to capture credible ranges of
uncertainty to make robust investment decisions. Importantly, each
scenario presents a large number of operating conditions to capture
variable demand and the fluctuations of availability levels of renewable
generation.

The model minimises investment and expected operating costs (in-
cluding unserved energy costs) over one year and multiple scenarios.
By using this temporal representation, it is possible to capture seasonal-
ities of demands, temperatures, and primary resources in detail, while
maintaining the model’s tractability. The time horizon is configured
through a representative day for each month of the year, with an hourly
resolution, in order to capture the hourly and monthly variations of
demands and renewable resources. While these days are independent
and temporally decoupled from each other, the model allows for sea-

sonal storage of hydrogen, by carrying energy from one month to the
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Fig. 1. Interaction between energy vectors.
next. Water reservoirs allow for water management within a day, but
not across months, given their low storage capacity (which cannot be
expanded due to environmental and social constraints in the case study
area).

The model is formulated for an isolated system (remote areas far
away from the large, national grid), considering the integrated planning
across several energy vectors and networks—specifically electricity,
heat, and hydrogen networks. The modelled region is disaggregated
into a number of zones, which can be grouped into a number of
microgrids, representing both the energy flows and respective networks
between and within microgrids. The most important contribution of
this work is incorporating the power flows using a full AC formulation,
i.e. considering both active and reactive powers, in a multi-energy
multi-microgrid system model. This is made possible by a convexifi-
cation of the power flow equations that allows the model to be written
in a mixed integer linear form.

Fig. 1 shows a diagram of the interactions between the energy
vectors and technologies involved to satisfy heat and electricity service
demands. As shown, heating demands can be supplied by a district
heating network, by domestic hydrogen boilers connected to a hy-
drogen network, and by domestic air-source heat pumps or electric
resistors connected to the electricity grid. In turn, the district heating
network can be supplied by district-level air-source heat pumps, natu-
ral gas and hydrogen CHPs, and hydrogen boilers. These alternatives
aim to fully or partially displace the use of firewood and liquefied
petroleum gas currently used in the studied area, meeting annual CO2
and particulate matter emission limits.

Electricity requirements are supplied by conventional generators,
renewables and batteries. Hydrogen demand and storage is supplied
by electrolysers. Thus, there are interactions between electricity–heat,
hydrogen–heat and electricity–hydrogen energy vectors.

2.2. Model formulation

This section presents the main equations that describe the proposed
model. The Nomenclature can be found in Appendix A, and the full
model formulation is presented in Appendix B.

2.2.1. Objective function
The objective function, Eq. (1), seeks to minimise the annualised

investment cost and the expected operating cost over one year. Each
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scenario is assigned with a probability of occurrence. It should be noted
that the model considers existing infrastructure and technologies.

𝑂𝐹 = min
{

𝐼𝑛𝑣 +
∑

𝑠∈𝑆

∑

𝑡∈𝑇
𝜌𝑠𝑂𝑝𝑒𝑠,𝑡

}

(1)

The total investment costs (Eq. (2)) include investment in heat,
electricity and hydrogen generation technologies, as well as storage in
batteries and hydrogen tanks. As previously stated, investment costs
for networks between zones and within zones are considered for each
energy vector. For inter-zone grids, the decision variable corresponds
to the link capacity (since the length is already known), while for
intra-zone grids, the decision variable corresponds to the length (in
kilometers) of the networks to be installed.

𝐼𝑛𝑣 =
∑

ℎ∈𝐻,𝑛∈𝑁
𝜋𝐼
ℎ𝐻ℎ,𝑛 +

∑

𝑔∈𝐺,𝑛∈𝑁
𝜋𝐼
𝑔𝑃 𝑔,𝑛 +

∑

𝑛∈𝑁
𝜋𝐼𝐵𝑆𝑃

𝐵𝑆
𝑛

+
∑

𝑛∈𝑁
𝜋𝐼𝐻𝑆𝑃

𝐻𝑆
𝑛 +

∑

𝑛∈𝑁
𝜋𝐼𝑃2𝐺𝑃

𝑃2𝐺
𝑛 +

∑

𝑛∈𝑁
𝜋𝑘𝑚𝐷𝑥𝐾𝑚𝐷𝑥

𝑛

+
∑

𝑛∈𝑁
𝜋𝑘𝑚𝐻𝑁𝐾𝑚𝐻𝑁

𝑛 +
∑

𝑛∈𝑁
𝜋𝑘𝑚𝐺𝑁𝐾𝑚𝐺𝑁

𝑛 +
∑

𝑗∈𝐽

𝜋𝐼𝐻𝑁𝐷𝐻𝑁
𝑗 𝐹

ℎ𝑒𝑎𝑡
𝑗

+
∑

𝑘∈𝐾̄

𝜋𝐼𝐺𝑁𝐷𝐺𝑁
𝑘 𝐹

𝑔𝑎𝑠
𝑘 +

∑

𝑙∈𝐿̄

𝜋𝐼
𝑙 𝜇𝑙

(2)

Operating costs, shown in Eq. (3), are composed of the variable costs
of electrical generators; fuel consumption costs for firewood, liquefied
petroleum gas, and natural gas; and non-supplied energy costs for both
electrical and thermal energy.

𝑂𝑝𝑒𝑠,𝑡 =
∑

𝑛∈𝑁,𝑔∈𝐺
𝜋𝑂
𝑔 𝑃𝑔,𝑛,𝑠,𝑡 +

∑

𝑛∈𝑁
𝜋𝐿𝑃𝐺𝐶𝐿𝑃𝐺

𝑛,𝑠,𝑡 +
∑

𝑛∈𝑁
𝜋𝐹𝑊 𝐶𝐹𝑊

𝑛,𝑠,𝑡

+
∑

𝑛∈𝑁
𝜋𝐿𝑁𝐺𝐺𝐿𝑁𝐺

𝑛,𝑠,𝑡 +
∑

𝑛∈𝑁
𝜋𝑃𝐿𝐿𝑃𝐿𝐿

𝑛,𝑠,𝑡 +
∑

𝑛∈𝑁
𝜋𝐻𝐿𝐿𝐻𝐿𝐿

𝑛,𝑠,𝑡

∀𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇

(3)

2.2.2. Energy balance equations
Eq. (4) represents the balance of the electricity vector. The net

active power in each zone corresponds to the total demand, minus gen-
eration and non-supplied power. The total demand corresponds to the
sum of current electricity demand and the potential electricity demands
for heating and hydrogen production. The total active power generation
is given by the sum of diesel generators, renewable generation, batteries
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𝑄

e
n
b
h
w
h

𝐻

A
b

h
h
b
c
c

𝐺

2

w
o
e
b
t
p
p

𝑣

and co-generation. In turn, Eq. (5) indicates that the net reactive power
in each zone is equal to the reactive demand in the zone, minus the
reactive injection by generators and batteries.

𝑃𝑛,𝑠,𝑡 = 𝑃𝐷
𝑛,𝑡 +

∑

ℎ∈{𝐴𝑢𝑥,𝐻𝑃 ,𝐴𝑆𝐻𝑃 }
𝑃ℎ,𝑛,𝑠,𝑡 + 𝑃 𝑃2𝐺

𝑛,𝑠,𝑡 − 𝑃𝐿𝐿
𝑛,𝑠,𝑡 − 𝑃𝐵𝑆

𝑛,𝑠,𝑡 −
∑

𝑔∈𝐺
𝑃𝑔,𝑛,𝑠,𝑡;

∀𝑛 ∈ 𝑁, 𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(4)

𝑛,𝑠,𝑡 = 𝑄𝐷
𝑛,𝑡 −𝑄𝐵𝑆

𝑛,𝑠,𝑡 −
∑

𝑔∈𝐺
𝑄𝑔,𝑛,𝑠,𝑡; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (5)

For the heat balance (Eq. (6)), heating demands can be supplied
ither by a district heating network, or by end-use technologies con-
ected to distribution networks (in this case residential-size hydrogen
oilers, air-source heat pumps, wood heaters, conventional electric
eaters, and liquefied petroleum gas boilers). The district heating net-
ork can be supplied by natural gas CHPs, hydrogen CHPs, district level
ydrogen boilers, and district-level air-source heat pumps.
𝐷
𝑛,𝑡 −𝐻𝐿𝐿

𝑛,𝑠,𝑡 = 𝐻𝑑ℎ𝑛
𝑛,𝑠,𝑡 +𝐻𝑒𝑛𝑑𝑢

𝑛,𝑠,𝑡 ; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (6)

Further equations for the district energy balance can be found in
ppendix B.2, such as allowing bi-directional exchange of energy flows
etween two zones, and flows being constrained by network capacities.

For the hydrogen energy balance, it is considered that the sum of
ydrogen produced by electrolysers together with the net power of
ydrogen injected from storage, must equal the hydrogen consumed
y district level and end-use boilers and CHPs, as shown in Eq. (7). Ex-
hange of gas flows between zones is allowed, subject to the maximum
apacity of pipelines to be installed (see Appendix B.2).

𝑃2𝐺
𝑛,𝑠,𝑡 + 𝑃𝐻𝑆

𝑛,𝑠,𝑡 =
∑

ℎ∈{𝐶𝐻𝑃 ,𝐸𝐻𝐵,𝐻𝐶𝐻𝑃 ,𝐻𝐵}
𝐺ℎ,𝑛,𝑠,𝑡 +

∑

𝑘∈𝐹𝑟𝑜𝑚𝑛

𝑓 𝑔𝑎𝑠
𝑘,𝑠,𝑡 −

∑

𝑘∈𝑇 𝑜𝑛

𝑓 𝑔𝑎𝑠
𝑘,𝑠,𝑡;

∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(7)

.2.3. Power flows in low-voltage networks
The following formulation of AC power flows in the low-voltage net-

orks connecting cities/zones and generation points is proposed, based
n quadratic variables for voltage (𝑣𝑛,𝑠,𝑡) in each zone, and current in
ach network line (𝑖𝑚,𝑛,𝑠,𝑡). See Appendix B.3 for the definition and
ounds over voltages and currents. Eq. (8) relates the voltages between
wo consecutive zones, by the flows and losses of active and reactive
ower passing through the line that connects them, and its electrical
arameters. This formulation was first introduced by [38].

𝑛,𝑠,𝑡 = 𝑣𝑚,𝑠,𝑡 − 2(𝑅𝑚,𝑛𝑃𝑚,𝑛,𝑠,𝑡 +𝑋𝑚,𝑛𝑄𝑚,𝑛,𝑠,𝑡) + 𝑖𝑚,𝑛,𝑠,𝑡(𝑅2
𝑚,𝑛 +𝑋2

𝑚,𝑛);

∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇
(8)

Eq. (9) defines the active power flow through the line connecting
zones 𝑚 and 𝑛 as the net power at the arrival point of the line (𝑛), a loss
component proportional to the electrical resistance of the line, and the
net flow coming into zone 𝑛 from other points in the network. Similarly,
Eq. (10) defines the reactive power flow in the line connecting two
zones.
𝑃𝑚,𝑛,𝑠,𝑡 = 𝑃𝑛,𝑠,𝑡 + 𝑅𝑚,𝑛𝑖𝑚,𝑛,𝑠,𝑡 +

∑

𝑓𝑟 𝑛=𝑖
𝑃𝑖,𝑗,𝑠,𝑡 −

∑

𝑡𝑜 𝑛=𝑗
𝑃𝑖,𝑗,𝑠,𝑡;

∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇
(9)

𝑄𝑚,𝑛,𝑠,𝑡 = 𝑄𝑛,𝑠,𝑡 +𝑋𝑚,𝑛𝑖𝑚,𝑛,𝑠,𝑡 + 𝐵𝑠ℎ
𝑛 𝑣𝑛,𝑠,𝑡 +

∑

𝑓𝑟 𝑛=𝑖
𝑄𝑖,𝑗,𝑠,𝑡 −

∑

𝑡𝑜 𝑛=𝑗
𝑄𝑖,𝑗,𝑠,𝑡;

∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(10)

The above formulation is completed by the following non-linear
5

equations. Eq. (11) models the apparent power capacity of the lines,
while Eq. (12) relates the power flows to the voltage in the emitter
zone and current in the line.

𝑃 2
𝑚,𝑛,𝑠,𝑡 +𝑄2

𝑚,𝑛,𝑠,𝑡 ≤ 𝑆
2
𝑚,𝑛; ∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (11)

𝑣𝑛,𝑠,𝑡 ⋅ 𝑖𝑚,𝑛,𝑠,𝑡 ≥ 𝑃 2
𝑚,𝑛,𝑠,𝑡 +𝑄2

𝑚,𝑛,𝑠,𝑡; ∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (12)

In order to maintain tractability and a low computational solving
time, the equations are further manipulated to become completely lin-
ear. Therefore, Eqs. (11) and (12) are approximated to linear Eqs. (13)
and (14), respectively, by means of tangent lines and planes. While
Eq. (13) was introduced by [39], Eq. (14) is introduced here for the
first time by using the same principles.

−
−𝛼𝑃𝑚,𝑛,𝑠,𝑡 + 𝑆𝑚,𝑛

√

1 − 𝛼2
≤ 𝑄𝑚,𝑛,𝑠,𝑡 ≤

−𝛼𝑃𝑚,𝑛,𝑠,𝑡 + 𝑆𝑚,𝑛
√

1 − 𝛼2
; ∀(𝑚, 𝑛) ∈ 𝑁×𝑁,

∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 ,∀𝛼 ∈ (−1, 1)

(13)

𝑉𝑛𝑖𝑚,𝑛,𝑠,𝑡 ≥ 𝑃 2
𝑚,𝑛 + 𝑄̃2

𝑚,𝑛 + 2𝑃𝑚,𝑛(𝑃𝑚,𝑛,𝑠,𝑡 − 𝑃𝑚,𝑛) + 2𝑄̃𝑚,𝑛(𝑄𝑚,𝑛,𝑠,𝑡 − 𝑄̃𝑚,𝑛);

∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(14)

Note that the region defined by the right-hand side of Eq. (14)
corresponds to the linear approximation of the region defined by the
right-hand side of Eq. (12) via supporting planes. This approximation
is possible because Eq. (12) is convex if we assume that 𝑉𝑛 = 1[𝑝.𝑢.].
Note also that 𝑃𝑚,𝑛 and 𝑄̃𝑚,𝑛 can represent different predefined points
that seek to discretise the 𝑃 − 𝑄 space (to simplify notation, Eq. (14)
only presents a single supporting plane; still, more should be used to
improve the resolution of the discretisation), over which the supporting
planes or "cuts" are built (these "cuts" can be determined before we run
the optimisation model or can be embedded within the optimisation
model in a cutting plane algorithm to generate cuts more adjusted to
the relevant operating points). 𝑃𝑚,𝑛 and 𝑄̃𝑚,𝑛 should be selected such
that:

𝑃 2
𝑚,𝑛 + 𝑄̃2

𝑚,𝑛 ≤ 𝑆
2
𝑚,𝑛 ∀(𝑚, 𝑛) ∈ 𝑁×𝑁 (15)

It is important to highlight that Eq. (14) is only useful to set a
lower bound (right-hand side) for the current (or more specifically, its
quadratic value) that is used to calculate the active and reactive losses
(in Eqs. (8), (9), and (10)). So, only for the purpose to compute losses,
we define voltages (𝑉𝑛) equal to 1 [p.u]. For all other purposes, voltages
(𝑣𝑛,𝑠,𝑡) are determined by the model.

2.2.4. Energy distribution networks within zones
It is assumed that heat demand is evenly distributed over the roads

within each zone. Under this assumption, each kilometre of network to
be installed supplies a fraction of the city’s peak thermal demand. This
fraction is represented by the decision variable of kilometres of network
to be installed for each network type, over the total road length in each
zone in which demand is distributed.

In the case district heating networks, the sum of capacities of
technologies connected to the network must be less than or equal to
the fraction of the maximum demand of the area that will be supplied
by this route [27], as seen in Eq. (16).

∑

ℎ∈{𝐻𝑃 ,𝐶𝐻𝑃 ,𝐻𝐵,𝐻𝐶𝐻𝑃 }
𝐻ℎ,𝑛 ≤ 𝐾𝑚𝐻𝑁

𝑛
𝐻𝑚𝑎𝑥

𝑛
𝐾𝑚𝑛

; ∀𝑛 ∈ 𝑁 (16)

The same principle is applied for the very low-voltage electricity
network length, and for hydrogen networks lengths (see Appendix B.4).
The very low-voltage network refers to the power distribution network

within each zone.
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2.2.5. Thermal power generation
Thermal power delivered by air-source heat pumps is equal to the

electrical power consumed, multiplied by their Coefficient of Perfor-
mance (COP), and is subject to their maximum capacity. The COP
of these technologies varies depending on the outside temperature,
decreasing their efficiency in colder days (see Appendix C). The thermal
power delivered by hydrogen boilers is equal to the hydrogen con-
sumed – in terms of its heating value – times the boilers’ efficiency,
and is also subject to their maximum capacity.

Two types of CHPs are also incorporated; a hybrid CHP fuelled by
natural gas/hydrogen mixtures, and a CHP fuelled by pure hydrogen.
Their thermal power production is bounded by their maximum thermal
capacity and weighted by an availability factor which accounts for
annual maintenance periods. In the case of hybrid CHPs, the hydrogen
present in the mixture cannot exceed a maximum percentage in vol-
ume. Generation between one hour and the next cannot be greater than
a maximum load shedding or load shedding ramp. See Appendix B.5 for
details on all these constraints.

2.2.6. Hydrogen generation and storage
The hydrogen produced by the electrolyser is the active power

consumed times a conversion efficiency. Its power consumption is
limited to the electrical capacity of the electrolyser (see Appendix B.6).

Although the proposed model uses a typical day representation, it
captures the capability of certain technologies to store energy season-
ally. To do so, the model assumes that the state of charge of seasonal
storage can gain (or lose) a net amount in a day, increasing (or decreas-
ing) the state of charge (SOC) at the end of the day with respect to its
value at the beginning of the day. As every day looks the same within
a month (in one scenario), the model calculates the net increase (or
decrease) in the SOC across the month by simply multiplying the daily
gain in the SOC times the number of days in a month. This net increase
(or decrease) in the SOC in a month is considered at the beginning of
the next month. This is captured by the model in Eqs. (17)–(18) and
Eqs. (B.43)–(B.45). The net charging power (discharge minus charging)
is bounded by the storage tank’s charging capacity, for the entire set
of hours within each representative day. The energy contained in the
tank cannot be greater than the maximum charging power multiplied
by the duration of the storage in hours (Appendix B.6). Within each
representative day and from the second hourly block onwards, the
energy contained in a given hour is calculated as the energy contained
in the previous hour, plus the load, and minus the discharge in the
current hour, as shown in Eq. (17).

𝑃𝐻𝑆𝐸
𝑛,𝑠,𝑡 = 𝑃𝐻𝑆𝐸

𝑛,𝑠,𝑡−1 − 𝑃𝐻𝑆−
𝑛,𝑠,𝑡 + 𝑃𝐻𝑆+

𝑛,𝑠,𝑡 𝜂𝐻𝑆 ; ∀𝑑 ∈ 𝐷,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,

∀𝑡 ∈ {24(𝑑 − 1) + 2,… , 24𝑑}
(17)

The initial condition 𝐺𝐻𝑆𝐸0
𝑑 for each representative day (except for

he first), is calculated as a function of the initial condition and the
tate of charge in the 24th hour of the previous representative day, as
hown in Eq. (18). See Appendix B.6 for border conditions.
𝐻𝑆𝐸0
𝑛,𝑠,𝑑 = (1 − 𝜂𝑙𝑜𝑠𝑠) ⋅ (𝐺𝐻𝑆𝐸0

𝑛,𝑠,𝑑−1 +𝑁𝑑𝑎𝑦𝑠
𝑑 ⋅ (𝑃𝐻𝑆𝐸

𝑛,𝑠,𝑡=24𝑑 − 𝐺𝐻𝑆𝐸0
𝑛,𝑠,𝑑−1));

∀𝑑 ∈ 𝐷,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆 (18)

.2.7. Electricity generation and storage
Eq. (19) models plants with regulation capacity and corresponds to

known end-point model. Here, the sum of the active powers in a set of
ours 𝑇𝑚 cannot exceed generation capacity of the reservoir weighted
y a load factor, and weighted by the cardinality of the set. This model
s used for small and medium-sized reservoirs over short time horizons,
eciding the movement of energy within a period (e.g., one day), but
ot between periods. Given the social constraints in the case study
ystem, large capacity reservoirs are not considered.
∑

𝑃𝑔,𝑛,𝑠,𝑡 ≤ 𝑃 𝑔,𝑛𝑃𝐹
𝐷𝑎𝑚
𝑛,𝑠,𝑑 𝐶𝑎𝑟𝑑(𝑇𝑚); ∀𝑑 ∈ 𝐷,
6

𝑡∈𝑇𝑑
∀𝑔 ∈ {𝐷𝑎𝑚},∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆 (19)

For non-dispatchable renewable power plants, power generated in
each hour cannot exceed the plants’ capacities times the resource
availability in that hour. For diesel power plants, generated power is
capped by their capacity. Additionally, the power difference between
two consecutive hours must not exceed the maximum load shedding
ramp. See Appendix B.7 for further details.

The operating chart relating active and reactive power of each
generator with its capacity is modelled according to Eq. (20). As for
transmission limits on the lines, tangent lines which form the feasible
region of the active and reactive power operating points are defined.
Under the assumption that wind and solar generators will seek to
inject maximum active power – because more sophisticated control
strategies are required for reactive power injection – it was imposed
that only synchronous generators can inject reactive power (i.e. diesel
generators, run-of-river and reservoir hydroelectric generators).

−
−𝛼𝑃𝑔,𝑛,𝑠,𝑡 + 𝑆𝑔,𝑛

√

1 − 𝛼2
≤ 𝑄𝑔,𝑛,𝑠,𝑡 ≤

−𝛼𝑃 𝑔
𝑛,𝑠,𝑡 + 𝑆𝑔,𝑛

√

1 − 𝛼2
∀𝛼 ∈ (−1, 1),∀𝑔 ∈ 𝐺,

∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(20)

For batteries, a predetermined duration model is used, in which
the investment decision variable is the battery’s charging capacity or
power. This is, the model decides the power for a set of possible
durations. Charging and discharging power must be less than the
battery’s capacity. In addition, the energy stored in the battery must
not exceed its capacity multiplied by the charging duration. Charge
states are coupled using an inventory constraint, and the reactive power
that can be injected by the battery is modelled in the same way as for
generators (see Appendix B.7).

2.2.8. Following heat demand profile
A set of constraints are included for end-use heat technologies so

that they cannot only operate on peak demands, reflecting that each
customer does not have access to a pool of heat supply technologies
(i.e. each customer has one type of heat supply technology in their
homes). See details for all of these constraints in Appendix B.8. The sum
of heat outputs generated by the technologies connected to the district
heating network must follow the heat demand profile. The same applies
for end-user hydrogen boilers, and for the sum of outputs of residential
heat pumps with auxiliary electric heaters. The profile to be followed
by these three technology groups (district heat, hydrogen boilers, and
heat-pump/auxiliary electric heater units) can be either the total heat
demand profile, the domestic hot water profile, or the space-heating
demand profile.

For the cases of firewood and LPG technologies, firewood must
follow space-heating demand profiles and LPG must follow water-
heating demand profiles, as the current associated technologies supply
these energy service demands specifically, and there is no replacement
between them. On the other hand, we impose that firewood and LPG
consumption cannot be higher than the current use.

2.2.9. Emission limits
Finally, in order to study cost-effective decarbonisation and decon-

tamination pathways in the case study region, we include emission
limits consistent with Chile’s NDCs. Eq. (21) caps the expected annual
sum of CO2 emissions due to the use of diesel, natural gas and liquefied
petroleum gas, while Eq. (22) limits the expected particulate matter
produced by the use of firewood. It is worth noting that although
firewood produces CO2 in its combustion, in this work it is considered
carbon neutral (as indicated by the Chilean energy policy) and is
therefore not considered in Eq. (21).
∑

𝑠∈𝑆

∑

𝑛∈𝑁

∑

𝑡∈𝑇
𝜌𝑠(𝑃𝑔=𝑂𝑖𝑙,𝑛,𝑠,𝑡𝐶𝐸𝑜𝑖𝑙 + 𝐺𝐿𝑁𝐺

𝑛,𝑠,𝑡 𝐶𝐸𝐿𝑁𝐺 + 𝐶𝐿𝑃𝐺
𝑛,𝑠,𝑡 𝐶𝐸𝐿𝑃𝐺) ≤ 𝐶𝐸𝑇

(21)

∑ ∑ ∑

𝜌𝑠𝐶
𝐹𝑊
𝑛,𝑠,𝑡 𝑃𝑀

𝐹𝑊 ≤ 𝑃𝑀𝑇 (22)

𝑠∈𝑆 𝑛∈𝑁 𝑡∈𝑇



Applied Energy 343 (2023) 121143C. Carvallo et al.

d
h
t
d
p
p
t
t
r
l

o
s
r
n
f
t
i
s
o

3

i
t
g
n
e
f
f
g

v
s
p
n

t
o
a
w
v

d
h
d

3

l
T
e
t

Table 1
Plant type and generation capacity.

Plant name Type Capacity [MW]

Puerto Aysén Run-of-river hydroelectric 6.8
Monreal Run-of-river hydroelectric 3
Lago Atravesado Hydroelectric with regulation capacity 11
Alto Baguales Wind power plant 3.78
Aggregated diesela Diesel power plants 32.3
San Víctor Run-of-river hydroelectric 3

a4 diesel power plants located in the towns of Puerto Chacabuco, Puerto Aysén,
Coyhaique, Villa Mañihuales and Puerto Ibáñez.

3. Case study and input data

The described model is applied to a real network located in the
south of Chile: the Aysén Medium-sized System (SMA). This is one
of the three electricity systems present in the Aysén Region, which
is isolated from the Chilean National Electricity System. The Aysén
Region is located in the southern part of Chile, in Patagonia, has
a population of around 105000 inhabitants, and a surface area of
around 108 [km2]. It has a cold oceanic climate with low temperatures,
abundant rainfall, strong winds and high humidity, with an annual
average temperature of approximately 8 ◦C.

Although 80% of its annual electricity generation comes from hy-
roelectric and wind energy [40], the intensive use of firewood for
eating has led it to become one of the most polluted systems in
he continent. Firewood has a penetration of 98.2% for space-heating
emands in the residential sector, and is responsible for 87% of fine
articulate matter emissions in this sector [41]. The SMA’s pollution
roblem is so severe that a 2018 study by the World Health Organisa-
ion (WHO) ranked the city of Coyhaique, the capital of this region, as
he most polluted city in the Americas [42]. Additionally, the system
elies mostly on LPG for domestic hot water supply, producing high
evels of CO2 emissions.

On the other hand, the geographical area of this system stands
ut for its high potential of renewable resources, which are arguably
ufficient to supply heat and electricity demands in a sustainable way,
educing firewood consumption – and thus pollution – without the
eed of fossil fuels. Although the option of electrifying heat is straight-
orward, alternatives such as district heating, CHPs, and hydrogen
echnologies for heating, among others, could be potentially compet-
tive and could reduce the extra electricity infrastructure required to
upply high levels of heat demands, when planned in an integrated
ptimum way.

.1. Existing system

Input data includes the capacity of existing infrastructure which
s considered as a sunk cost, for both heat and electricity generation
echnologies. Currently, the case study system only has an electricity
rid, i.e. it has no district heating networks, gas networks, hydrogen
etworks, nor LNG regasification terminals. The main fuels used for
lectricity generation in the region are diesel and LPG. Additionally,
irewood is the main fuel used for space-heating, while LPG is the main
uel used for domestic hot water supply. Table 1 shows the system’s
eneration capacity and plant type.

The topology of the electricity system is radial, with long low-
oltage lines between the main generation and demand points of the
ystem. Therefore, the voltage profiles and the presence of reactive
ower is not negligible, which makes the convex power flow model
ecessary.
7

3.2. Candidate networks and technologies

Fig. 2 shows the single phase diagram which includes both, the
existing infrastructure, and the candidate technologies and networks
that the model can choose to install, for the complete system.

Table 2 shows the candidate technologies that the model can choose
to install for each microgrid shown in Fig. 2. Each microgrid groups
several zones (that are presented as nodes in Fig. 2). Each zone corre-
sponds to a small town, except for Alto Baguales, Lago Atravesado and
Monreal that are generation-only nodes. In this context, each group of
zones is treated as a microgrid, which can operate isolated from the rest
of the system, if needed, as every microgrid is equipped with generation
with the ability to control frequency.

Finally, interconnection between the three microgrids is only con-
sidered through reinforcing the existing power lines by means of par-
allel lines (i.e. reinforcement line between Puerto Aysén-Alto Baguales,
and between Alto Baguales-Villa Ortega). This assumption is due to
the long distances between microgrids that would make district heat-
ing networks non-viable, added to low thermal demands which make
gas/hydrogen pipelines not competitive against electricity lines.

3.3. Estimation of energy service demands

The electricity demand profile for each representative day is pre-
sented Appendix D, Fig. 17. The profiles were obtained based on a
National Energy Commission’s study [40] and correspond to projected
profiles for the year 2020 (simulation year). Profiles were published
with an hourly resolution, and representative days were obtained as
average days of each month.

Heat demand profiles for each representative day are presented in
Appendix D, Fig. 18, which represent the sum of space-heating and
hot water demand profiles. Annual domestic hot water demand was
estimated using regional LPG demand in the residential sector [4]
– assuming an LPG boiler combustion efficiency – weighted by the
proportion of customers supplied by the SMA out of the region’s total
customers. According to [43], 58% of LPG demand is for domes-
tic hot water use, discounting consumption for cooking and others.
Normalised annual hourly profiles were taken from [44], and daily av-
erages for each month were used as representative days. Heat demand
was allocated into zones proportionally to electricity demand.

Space-heating in the region is currently supplied by firewood. An-
nual regional heat from firewood [41] was weighted by the fraction of
customers in the region that are supplied by the SMA system. For hourly
profiles, a factor 𝐻 proportional to the difference between outside
temperature and a comfort temperature of 18 ◦ C in each hour of the
year was adjusted (Eq. (23)).

𝐻𝐹𝑤𝑜𝑜𝑑
𝑡 = 𝐻 ⋅ (𝑇 𝑎𝑚𝑏𝑡 − 18◦) (23)

Where 𝐻𝐹𝑤𝑜𝑜𝑑
𝑡 is heat supplied by firewood in hour 𝑡, 𝑇 𝑎𝑚𝑏𝑡 is

he outside temperature in hour 𝑡, and factor 𝐻 is such that the sum
f firewood heat demand over all hours of the year is equal to the
nnual firewood heat demand. Hourly temperatures for a full year
ere obtained from historical meteorological data for the region, using
erified data of the year 2018 [45].

Table 3 shows the distribution of total annual heat and electricity
emands of the system per zone. Linear heat density represents annual
eat demand divided by the total road length over which demand is
istributed [28].

.4. Renewable generation profiles

Hourly profiles for run-of-river hydropower generation and monthly
oad factors for regulated hydropower plants were obtained from [40].
his reference contains annual hourly generation profiles for each
xisting hydro power plant between 1990 and 2016. Based on this data,
hree hydro profile scenarios were obtained for each plant, representing
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Fig. 2. System’s unilinear diagram with existing and candidate technologies and infrastructure per microgrid and zone.
a dry, average, and wet scenario. Based on the number of years that
each scenario represents over the total number of years, the probability
of occurrence of each hydro scenario was determined, resulting in 60%,
30% and 10% for the wet (H1), medium (H2) and dry (H3) scenarios,
respectively.

Profiles for solar and wind generation were obtained from [46,47],
respectively. For wind generation, profiles were extracted based on
historical annual hourly data for the period between 1980–2013. Three
profile scenarios were constructed with the historical data, taking the
highest, average, and lowest load factors of the sample. The probability
of occurrence of each scenario was determined by clustering the his-
torical data using the three aforementioned profiles as references (or
centroids). The resulting probabilities were 1/34, 30/34 and 3/34 for
the scenarios of high (W1), medium (W2) and low (W3) wind resource
availability, respectively. In the case of solar power, due to its higher
certainty levels, we use a single profile scenario built based on historical
data.

The 3 hydrological scenarios were combined with the 3 wind avail-
ability scenarios to form a total of 9 scenarios, shown in Fig. 3.
The figure shows the probability of occurrence of these 9 scenarios,
obtained from multiplying the probability of the wind and hydrological
scenarios that comprise them.

To sum up, our quantifications capture 12 representative or typical
days with an hourly resolution for demand, each one representing the
characteristics of a month of the year (one day per month). Each of
these days features 9 possible hourly profiles of available renewable
resources, each one representing the characteristics of a month of the
8

year. Hence, the model can capture hourly fluctuations of demand
and renewable resources across a day, seasonal patterns of demand
and renewables through the representation of different months, and
the uncertainty associated with the availability of wind and hydro
resources. Overall, the model considers 108 possible realisations of a
day with an hourly resolution, leading to 2592 operating conditions
(each daily profile of demand and renewable resources features 24 h).
Although the number of operating conditions can be increased and
the model is sufficiently flexible to do that, this number of operating
conditions is sufficient for long-term investment planning (including
generation and network assets) and policy purposes and aligned with
similar studies such as [48]. Furthermore, we recognise that increasing
the problem’s size may require more advanced algorithms, but this
paper does not aim to contribute at this level.

Regarding the probabilities, each of the 12 days weighs 1/12, and
the probability of each of the 9 combined wind/hydro scenarios is
calculated assuming that wind and hydro profiles are independent and
by associating historical data (daily profiles) to one of the chosen
representative scenarios, counting the frequency of occurrence of each
representative daily profile.

3.5. Costs of technologies

Table 4 presents investment and variable costs for electricity gener-
ation technologies [49] used in this study. For the case of batteries, a
cost per energy capacity of 550 [USD/MWh] was assumed to calculate
capacity costs for 2- and 4-hour batteries.
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Table 2
Candidate networks and technologies per microgrid and zone.
Microgrid 1

∙ Wind power plant in Puerto Aysén + batteries
∙ Solar generation in Chacabuco zone
∙ Natural gas CHP
∙ Hydrogen CHP
∙ District heating network within each zone
∙ End-use air-source heat pumps and conventional electric heaters in each zone + reinforcement
of the very low voltage network
∙ Electrolyser and hydrogen storage in Puerto Aysén
∙ Hydrogen distribution network + end-use boilers in each zone
∙ Hydrogen network between both zones
∙ Heat network between both zones
∙ Electricity line reinforcement between both zones (parallel lines)

Microgrid 2

∙ Wind power plant in Alto Baguales + batteries
∙ Run-of-river hydroelectric plant in Monreal
∙ Reservoir hydroelectric power plant in Lago Atravesado
∙ Solar PV plant in Coyhaique
∙ Hydrogen network between Alto Baguales and Coyhaique
∙ Hydrogen distribution network + end-use boilers in Coyhaique
∙ Natural gas CHP
∙ Hydrogen CHP
∙ District heating network in Coyhaique
∙ End-use air-source heat pumps and conventional electric heaters in Coyhaique + reinforcement
of the very low voltage network
∙ Electricity line reinforcement between zones (parallel lines)

Microgrid 3

∙ Villa Ortega zone is considered as an intermediate zone with no demand nor generation
∙ End-use air-source heat pumps and conventional electric heaters + reinforcement
of the very low voltage network within the two other zones
∙ Electricity line reinforcement between zones (parallel lines)
Table 3
Distribution of total demand per zone and linear heat density.
Zone Annual electricity Annual heat Network length Linear heat

demand [MWh] demand [MWh] [km] density [MWh/km]

Chacabuco 21.576 107.520 30 3.584
Puerto Aysén 24.997 124.492 60 2.075
Tehuelche 86.697 431.781 90 4.798
Mañihuales 2.374 11.932 15 795
Ñirehuao 347 1.730 6 288
Total 135.991 677.456 201 3.370
Fig. 3. Scenario probability of occurrence.
Techno-economic parameters for inter-zone and intra-zone net-
works are presented in Table 5, and techno-economic parameters used
for heat and hydrogen technologies are shown in Table 6.

The annuities of these investments were calculated for each tech-
nology according to Eq. (24), where 𝑐𝑖 represents the annualised in-
vestment cost of technology 𝑖, 𝑡 represents its lifetime, 𝑟 is the discount
9

rate considered as 10%, and 𝐶𝑖 is the total investment cost.

𝐶𝑖 = 𝑐𝑖 ⋅
1
𝑟

(

1 − 1
(1 + 𝑟)𝑡

)

(24)

Finally, Table 7 shows the costs, heating values, and emission
factors for the fuels used in this work.
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Fig. 4. Total system’s cost for different particulate matter limits.
Table 4
Electricity generation technology costs [49].
Technology Investment cost Variable cost Lifetime

[USD/kW] [USD/MWh] [years]

Wind 1900 – 25
Solar 1000 – 25
Hydro run-of-river 3000 0.1 40
Hydro reservoir 3200 – 40
Batteries @2 h 1100 – 15
Batteries@4 h 2200 – 15
Diesel 500 120 20

Table 5
Techno-economic parameters for networks between and within zones
[22,23,50].
Network Between zones Within zones Lifetime

[USD/km*KW] [USD/km] [years]

Electricity 3.10 62000 40
Hydrogen 4.06 154000 50
Heat 7.77 768000 50

3.6. Case studies

The following cases were defined to study the impact of different
decarbonisation and decontamination pathways over total system costs
and optimal technology mixes:

• Case 0: Firewood and LPG consumption are set as equal to the
current consumption. This scenario is equivalent to planning only
the electricity energy vector, restricted to not investing in new
diesel power plants but only in renewables and batteries, together
with grid expansion. This case yields the expected emissions of
particulate matter and direct CO2 for the base or current case.

• Case 1: There are no constraints over expected particulate matter
and direct CO2 emissions. Firewood and LPG use is also uncon-
strained, unlike Case 0. The relevance of this case is that it allows
to know if the current solution can be optimised when carrying
out an integrated planning.

• Case 2: A zero limit on direct CO2 emissions is set, while par-
ticulate matter is unconstrained. This case indicates the cost
of displacing LPG and current diesel generation with a 100%
renewable electricity system.
10
• Case 3: Particulate matter and direct CO2 emissions are limited
to one-sixth and half of those resulting from Case 0, respectively.
Particulate matter limits represent, in a simplified manner, a
reduction of these emissions to levels recommended by the WHO.
Direct CO2 emissions reductions seek to avoid the intensive use
of existing diesel for electricity generation.

• Case 4: Particulate matter emissions are limited to zero, while
direct CO2 emissions are unrestricted. This case reveals the cost
of full replacement of firewood.

• Case 5: A zero limit is imposed on both particulate matter and
direct CO2 emissions. This case represents a 100% renewable and
direct emission-free system.

The proposed model was implemented in FICO®Xpress Optimisa-
tion [53] and solved using Newton’s numerical barrier method.

4. Results and discussion

4.1. Cost curves versus emission limits

Fig. 4 presents the total system costs which correspond to the value
of the objective function for different particulate matter emission limits,
for three levels of direct CO2 emission limits. Fig. 5 presents these
same curves normalised to the total system demand (sum of heat plus
electricity demand), in order to obtain a price signal for each MWh sup-
plied in each scenario. As expected, costs increase significantly when
requiring lower particulate matter emissions, with a drastic increase
for levels below 1000 [ton]. Additionally, it is clear that lowering CO2
emission levels increases the system’s cost, since diesel-fuelled power
generation infrastructure must be replaced.

Similarly, Fig. 6 shows the total systems’ costs against different
direct CO2 emission limits, for three different levels of particulate
matter emissions. Fig. 7 presents the unit costs per MWh supplied for
these cases. Costs are seen to increase significantly when restricting
the expected CO2 emissions. By forcing direct CO2 emissions to zero,
costs are considerably higher than for a limit of 2000 [ton]. This is
because under a zero direct emissions constraint, existing diesel gener-
ators cannot operate, including the most extreme scenarios in terms of
unavailability of renewable resources. The increase is even more drastic
when imposing lower emission limits for particulate matter, as higher
investments in electricity infrastructure are required to supply the new
electricity demand that arises from heating when firewood is replaced.
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Table 6
Techno-economic parameters for heat and hydrogen technologies [22].
Technology Investment cost Efficiency (or COP) Lifetime

[USD/kW] [years]

CHP 1050 0.6 electric
0.3 thermal

30

District air-source heat pumps (ASHP) 680 2–4 20
End-use ASHP 1037 2–4 20
Electric resistance heater 245 0.9 15
Electrolyser 1000 0.65 20
Hydrogen storage 1900 0.9 30
District hydrogen boiler 105 0.9 20
End-use hydrogen boiler 97 0.9 20
Fig. 5. Unitary cost for different particulate matter limits.
Fig. 6. Total system’s cost for different direct CO2 emission limits.
4.2. Energy portfolios and metrics

Table 8 shows the optimal portfolios for the six cases, together with
their total systems’ costs, operating costs, investment costs, and unitary
costs (costs divided by the sum of heat and electricity demand). In
11
the last row of this table, the unitary cost calculation is repeated, but
adding the valuation of currently installed infrastructure. This allows
to estimate the impacts of the imposed restrictions over tariffs for final
customers. Table 9 also includes investment costs in networks between
and within zones.
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Fig. 7. Energy unit cost for different direct CO2 emission limits.
Table 7
Fuel costs and emission factors [40,49,51,52].

Fuel Cost Higher heating value Emission factor

Firewood 24 [USD/m3] 1.28 [MWh/m3] 5.98 [kgMP/m3]
LPG 1.25 [USD/kg] 0.0146 [MWh/kg] 3.1 [kgCO2/kg]
Diesel 120 [USD/MWh] – 0.84 [tonCO2/MWh]
LNG 80 [USD/MWh] – 0.4 [tonCO2/MWh]

In Case 0 there are no investments as a result of the optimisation. Es
expected, since there is no demand growth compared to the base year
in the assessment horizon, the model chooses to operate the system
with the existing electricity infrastructure, and with firewood and LPG
for supplying space-heating and domestic hot water, respectively. In
Case 1, by allowing the optimisation of the heating sector, the model
shifts considerably from LPG – and slightly from firewood – to using
end-use ASHP along with electric heaters, and increasing 2.9 [MW] of
wind generation capacity. This results in the total system’s cost being
reduced by 15%, in a reduction of 39% in direct CO2 emissions, and of
0.5% in particulate matter, despite there being no limits on emissions.
Investments are made in electricity networks within zones, but not
between zones.

The comparison between Cases 0 and 1 show that the current
situation can be optimised in terms of economic and environmental
performance, validating the hypothesis of the benefits of integrated
planning. On the other hand, it can be inferred that firewood does not
tend to be displaced by price signals, given its low operating cost (24
[US $/m3]) and high heating value (1.28 [MWh/m3]).

In Case 2, total costs increase by 34% compared to Case 0. Imposing
a zero limit on direct CO2 emissions results in a 1.3% reduction in
particulate matter emissions. Since diesel generators cannot operate,
the model invests in wind, hydro dam and run-of-river, solar, and
battery generation technologies. Despite having low plant factors in
this region, investment in solar generation is justified by the fact that
it does not require installing additional lines between zones, or from
the point of generation to the point of consumption. End-use ASHPs
together with electric heaters continue to replace LPG as a heating
fuel as for Case 1, with a slight increase (4.4 [MWth], 26%) in ASHP
investments and a slight reduction (4.2 [MWth], 57%) in investment
in conventional heaters compared to Case 1. Since firewood is very
economical compared to investment costs in other technologies and
12
because it is considered carbon neutral, it is not naturally displaced
without restrictions on particulate matter emissions.

Case 3 shows a total cost increase of 180%, and a reduction of
approximately 83% and 50% in particulate matter and direct CO2
emissions respectively, compared to Case 0. As in Cases 1 and 2,
the model decides to invest in ASHPs and electric heaters in order to
displace LPG for domestic hot water. In this case, they also displace
firewood for space-heating, given the emission limits imposed. Results
show investments in wind and hydro generation, and in batteries, but
as opposed to Case 2, there is no investment in solar generation. In this
case investments are made in power lines between zones, reinforcing
the Baguales-Tehuelche, Tehuelche-Lago Atravesado and Tehuelche-
Monreal lines with parallel lines. This is because greater capacity is
required to transmit electricity from zones where there is wind and
hydroelectric generation, to demand zones, which increased because
of a higher peentration in ASHPs.

For Case 4, there is an increase of 189% in total costs compared to
Case 0. Total firewood displacement imposed by the zero particulate
matter constraint, leads to an increase of 300% of direct CO2 emis-
sions compared to Case 0. Here, the model decides to invest in CHPs
and district level ASHPs, requiring infrastructure for district heating
networks within the zones of Puerto Chacabuco and Coyhaique. The
only line reinforcement required in this case is the one connecting
Tehuelche and Lago Atravesado. Investments in run-of-river hydro,
wind generation, and batteries decrease with respect to Case 3, as
CHPs also contribute to electric capacity. Additionally, a greater use of
existing diesel generation is observed. Investments in district heating
networks are triggered by the CO2 emissions relaxation, as it is more
cost-effective for the model to invest in CHPs fuelled by imported
natural gas and co-generate heat and electricity, than to invest in
ASHPs, reinforcement of low and very low voltage power lines (lines
between zones and within zones), and new renewable power plants. On
the other hand, comparing Cases 2 and 4 shows that displacing wood
for space-heating is significantly more expensive than displacing LPG
for domestic hot water.

Finally, Case 5 shows an increase of 650% in total costs compared
to Case 0. This is the only case in which the model decides to invest in
electrolysers and hydrogen-fuelled CHPs, although end-use ASHPs still
predominate. Because this is a zero-direct-emission system, both short-
term storage in batteries and seasonal storage using hydrogen become
necessary. Unlike hydrogen, batteries cannot store energy from month
to month, limiting the flexibility to shift surplus electricity from months
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Table 8
Technology mixes and costs for the 6 cases.

Case 0 Case 1 Case 2 Case 3 Case 4 Case 5

Total cost [MM USD] 18.99 16.12 25.48 53.44 54.96 142.42
Investment cost [MM USD] 0.00 3.02 14.41 49.98 40.21 142.41
Operation cost [MM USD] 18.99 13.10 11.07 3.46 14.75 0.01
Direct CO2 emissions [ton] 22087 13488 0 11043 88338 0
PM emissions [ton] 2796 2781 2759 466 0 0
Non-supplied energy (electric) 0 0 0 0 0 0
Non-supplied energy (thermal) 0 0 0 0 0 0
CHP [MWth] 0 0 0 0 22.3 0
CHP-H2 [MWth] 0 0 0 0 0 6.9
District ASHP [MWe] 0 0 0 0 11.6 9.66
District ASHP [MWth] 0 0 0 0 29.71 24.74
End-use ASHP [MWe] 0 6.6 8.3 63.9 55.3 65.8
End-use ASHP [MWth] 0 16.9 21.3 163.6 141.6 168.5
District boilers [MWth] 0 0 0 0 0 0
End-use boilers [MWth] 0 0 0 0 0 0
Electric resistance heater [MWth] 0 7.3 3.1 6.2 1.9 0.0
Electrolyser [MWe] 0 0 0 0 0 15.2
Hydro dam [MW] 0 0 5.9 18.5 21.2 34.5
Hydro run-of river [MW] 0 0 10.2 41.1 13.4 95.8
Wind [MW] 0 2.9 19.9 47.1 1.34 328.7
Solar [MW] 0 0 18.7 0 0 5.8
Battery [MW] 0 0 4.3 7.3 5.8 13.1
Total unitary cost [USD/MWh] 23.35 19.82 31.32 65.70 67.56 175.08
Investment unitary cost [USD/MWh] 0.00 3.71 17.71 61.44 49.43 175.07
Operation unitary cost [USD/MWh] 23.35 16.08 13.61 4.25 18.13 0.01
Tariff cost final customer [USD/MWh] 39.40 35.87 47.37 81.75 83.61 191.13
Table 9
Investments in networks for the 6 cases.
Networks between zones (electricity/heat/hydrogen) : 1 if installed, 0 if not

Line Case 0 Case 1 Case 2 Case 3 Case 4 Case 5
Chacabuco-Pto Aysén 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/1
Pto Aysén-Baguales 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0
Baguales-Tehuelche 0/0/0 0/0/0 0/0/0 1/0/0 0/0/0 1/0/0
Tehuelche-L.Atravesado 0/0/0 0/0/0 0/0/0 1/0/0 1/0/0 1/0/0
Tehuelche-Monreal 0/0/0 0/0/0 0/0/0 1/0/0 0/0/0 1/0/0
Alto Baguales-Villa Ortega 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0
Villa Ortega-Mañihuales 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0
Villa Ortega-Ñirehuao 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0

Networks within zones (electricity/heat/hydrogen): installed km

Chacabuco 0/0/0 3.67/0/0 3.67/0/0 23.26/0/0 16.87/11.79/0 1.15/28.75/0
Puerto Aysén 0/0/0 7.34/0/0 7.34/0/0 30.98/0/0 53.07/0/0 60/0/0
Tehuelche 0/0/0 11.02/0/0 11.02/0/0 89.34/0/0 63.45/26.17/0 90/0/0
Mañihuales 0/0/0 1.83/0/0 1.83/0/0 1.83/0/0 14.60/0/0 15/0/0
Ñirehuao 0/0/0 0.73/0/0 0.73/0/0 0.73/0/0 5.34/0/0 6/0/0
with higher resources and lower demands to months with higher heat
requirements. For inter-zone networks, the same investments as in Case
3 are required, plus the construction of a hydrogen network between
Puerto Aysén and Puerto Chacabuco. Also, a district heating network
is built in Puerto Chacabuco. All zones require reinforcement of their
distribution networks due to heat electrification.

4.3. System operation

This section describes the expected annual operation for Case 0
(baseline) and Case 3 (PM emissions under WHO’s limit). Fig. 8 shows
the expected thermal operation for each representative day in Case
0, which represents the current operation of firewood and LPG tech-
nologies. Fig. 9 shows the expected operation of electricity generation
technologies. Power generation is mostly based on renewable sources,
with existing diesel generation operating in months in which there is
a lower load factor for hydro dam power plants. Wind generation is
observed to be higher in the summer months.

Figs. 10 and 11 show the operation of July’s representative day
(the day in the year with the highest demand) in the scenario of lower
availability of renewable resources for thermal and electricity system,
respectively. For thermal operation shown in Fig. 10, peak demand
13

occurs around 8 am in the morning with the highest domestic hot
water consumption. Electricity demand on this day is mainly supplied
by hydroelectric generation, since the wind generation profile is low.
The hydro dam power plant modulates diesel operation in order to
optimise the system operation. Since there is no electrification of heat,
the electricity generation profile has no relation to the thermal demand
profile.

Fig. 12 shows the expected thermal power operation in each rep-
resentative day for Case 3. Throughout the year, heat demand is
supplied mainly by ASHPs, which supply both domestic hot water and
space-heating requirements. The use of firewood decreases consider-
ably compared to Case 0, maintaining it’s hourly profile throughout
the year, but in a smaller proportion. This means that some households
continue to use firewood for space-heating while replacing LPG with
ASHPs to supply domestic hot water demands. The rest of the dwellings
supply their total heat demands using ASHPs. Conventional electric
resistor heaters only operate during the hours when ASHPs decrease
their COPs due to the lower ambient temperature.

Fig. 13 shows the expected electric power operation. In contrast to
Case 0, because of heat electrification via ASHPs, the generation profile
follows the heat load profile. Given higher investments in renewables
driven by emission targets, wind generation takes on a higher relevance
compared to Case 0, with diesel generation operates only in colder
days.
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Fig. 8. Annual thermal operation, Case 0.
Fig. 9. Annual electrical operation, Case 0.
Fig. 10. Thermal operation for typical day in July for worst availability scenario, Case 0.
For the worst-day scenario described previously, Fig. 14 shows
that electric resistors operate at peak heat demand, while firewood
continues to follow its current profile in lower proportion. From the
electricity side, Fig. 15 shows that the system’s peak electricity demand
14
increases from 20 [MW] previously at midday, to approximately 87
[MW] in the morning hours, evidencing the need for the investment
in power lines between zones and within zones described previously.
Hydro dam generation operates supplying peak demands, while an
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Fig. 11. Electrical operation for typical day in July for worst availability scenario, Case 0.

Fig. 12. Annual thermal operation, Case 3.

Fig. 13. Annual electrical operation, Case 3.



Applied Energy 343 (2023) 121143C. Carvallo et al.
Fig. 14. Thermal operation for typical day in July for worst availability scenario, Case 3.
Fig. 15. Electrical operation for typical day in July for worst availability scenario, Case 3.
energy arbitrage is performed with batteries, so that they charge in
hours with greater availability of wind energy and discharge in hours
of higher demands.

4.4. The value of integrated planning

To show the improvement in economic and environmental per-
formances of integrated planning over independent planning of the
different energy service demands and vectors, a further case was imple-
mented. This case does not allow investments in expansion of electricity
generation, but allows to electrify heat, to invest in electrolysers, in
district heating networks. Table 10 shows the costs of integrated plan-
ning and heat-only planning for the limits over emissions set in Case 3.
Under the assumptions and alternatives considered in this work, a heat-
vector-only planning results infeasible, as heat requirements would
considerably increase electricity demand, which cannot be supplied
16
without expanding electricity generation and without considering non-
supplied demand. Although in this case investing in natural gas CHPs
is allowed, their associated CO2 emissions cannot reach the imposed
carbon limits.

If the constraint over CO2 emissions is removed, allowing for a
greater deployment of natural gas CHPs and a higher use of existing
diesel generation, results presented in Table 11 are obtained. This
shows that integrated planning is able to achieve costs and CO2 emis-
sions reductions when compared to heat-only planning.

4.5. Sensitivity in district heating networks cost

A final set of case studies was implemented with a different cost for
district heating networks, as a wide range of values was found in the
literature and national studies. This scenario assumed a cost of 335000
[USD/km] for investments in new networks, which represents roughly
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Table 10
Integrated planning value.
Planning Total cost [MMUSD] NSE [MWh] NSH [MWh] PM [ton] CO2 [ton]

Heat only Infeasible 0 0 466 14464
Integrated 53.44 0 0 466 14464
Table 11
Integrated planning value without CO2 constraints.
Planning Total cost [MMUSD] NSE [MWh] NSH [MWh] PM [ton] CO2 [ton]

Heat only 52.38 0 0 466 154122
Integrated 45.92 0 0 466 64835
Table 12
Low district heat network cost scenario.

Case 0 Case 1 Case 2 Case 3 Case 4 Case 5

Total cost [MM USD] 18.99 15.99 25.17 50.72 50.71 138.39
Investment cost [MM USD] 0.00 3.09 14.10 47.27 38.02 138.38
Operation cost [MM USD] 18.99 12.90 11.07 3.45 12.69 0.01
Direct CO2 emissions [ton] 22087 12182 0 11043 85648 0
PM emissions [ton] 2796 2781 2759 466 0 0
Non-supplied energy (electric) 0 0 0 0 0 0
Non-supplied energy (thermal) 0 0 0 0 0 0
CHP [MWth] 0 0 0 0 24.07 0
CHP-H2 [MWth] 0 0 0 0 0 7.42
District ASHP [MWe] 0 7.29 7.58 61.30 53.92 60.22
End-use ASHP [MWe] 0 1.47 1.68 4.85 15.62 15.10
District boilers [MWth] 0 0 0 0 0 0
End-use boilers [MWe] 0 0 0 0 0 0
Electric resistance heater [MWth] 0 1.93 0.6 0.7 0.36 0
Electrolyser [MWe] 0 0 0 0 0 16.16
Hydro dam [MW] 0 0 5.15 18.16 20.44 35.95
Hydro run-of-river [MW] 0 0 11.03 40.94 11.94 95.75
Wind [MW] 0 2.63 21.44 47.65 6.28 323.57
Solar [MW] 0 0 16.20 0 0 7.01
Battery [MW] 0 0 2.04 5.14 6.54 13.03
Total unitary cost [USD/MWh] 23.35 19.66 30.95 62.38 62.37 170.22
Investment unitary cost [USD/MWh] 0.00 3.80 17.34 58.14 46.76 170.21
Operation unitary cost [USD/MWh] 23.35 15.86 13.61 4.24 15.61 0.01
Tariff cost final costumer [USD/MWh] 39.40 35.71 47.00 78.43 78.42 186.30
half of the baseline cost, but is in line with some studies on district
heating networks in Chile [54].

The portfolio, along with the same metrics previously discussed,
are presented in Table 12 for these case studies. Table 13 presents
the investments in networks. While solutions continue to be aimed
at heat electrification using heat pumps, in this case which assumes
lower costs for district networks, district level ASHPs are seen to
predominate over end-use ASHPs. However, in the zone of Puerto
Aysén, electrification via end-use ASHPs is still observed, given its
low linear heat density compared to other zones. This means that
the installation of one kilometre of network in this zone supplies a
smaller fraction of peak heat demand than one kilometre of network
in Coyhaique or Chacabuco. For these cost parameters, the increase in
investment costs for district heating networks over investment in very
low voltage electricity networks is lower than the savings generated
by installing a district level ASHP over end-use ASHPs. This result,
however, depends on the linear heat density within zones as found in
previous studies [28].

5. Conclusions

This work presents a novel stochastic multi-energy multi-microgrid
system model that optimises investments and operations for integrated
electricity, heat and gas isolated energy systems, considering different
thermal energy supply routes to displace the use of contaminating fuels.
The model includes a fully linear representation of the AC power flow
equations, including active and reactive power that are essential in
low-voltage networks such as microgrids. Also, the model incorporates
firewood as a source of heat (which is the main fuel used in developing
17
countries for heat and cooking) and constraints on the total emissions
of CO2 (for decarbonisation) and particulate matter (for decontamina-
tion). Hence, by adjusting the right-hand side of these constraints, we
can obtain different designs of the multi-energy multi-microgrid sys-
tem. To the best of our knowledge, this is the first stochastic planning
model with such characteristics.

The model is applied to an isolated region in the south of Chile with
an intense use of firewood and liquefied petroleum gas for heating, and
a high share of diesel in electricity generation. As the targeted zone is
located in Patagonia, the model will attempt to exploit the abundant
potential of hydro and wind resources to produce energy.

Firstly, we show that integrated planning leads to an increased
economic and environmental performance compared to separate plan-
ning of the energy carriers. This is clearly evidenced by comparing the
results of the case which represents the current situation (Case 0) and
the optimised current situation (Case 1), highlighting that the current
situation can be optimised without the need to incorporate emissions
constraints. Similarly, when planning the heat-only, and the integrated
energy vector for case 3, an increase in economic and environmental
performance is observed in the integration.

Under the assumptions used in this case study, the predominant
decarbonisation and decontamination alternatives for the provision
of heat and electricity service demands are heat pumps, displacing
fossil fuels and firewood. As presented in the results, investments in
renewables favour the electrification of heat. The sensitivity analysis
shows, however, that the costs of district heating networks and linear
heat densities will determine if whether the optimal heat electrification
strategy is via individual end-use heat pumps, or via district heat pumps
supplying district heating networks. For a scenario with lower district
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Table 13
Investments in networks for the 6 Cases - low district heat network cost.
Networks between zones (electricity/heat/hydrogen) : 1 if installed, 0 if not

Line Case 0 Case 1 Case 2 Case 3 Case 4 Case 5
Chacabuco-Pto Aysén 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/1
Pto Aysén-Baguales 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0
Baguales-Tehuelche 0/0/0 0/0/0 0/0/0 1/0/0 0/0/0 1/0/0
Tehuelche-L.Atravesado 0/0/0 0/0/0 0/0/0 1/0/0 1/0/0 1/0/0
Tehuelche-Monreal 0/0/0 0/0/0 0/0/0 1/0/0 0/0/0 1/0/0
Alto Baguales-Villa Ortega 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0
Villa Ortega-Mañihuales 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0
Villa Ortega-Ñirehuao 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0 0/0/0

Networks within zones (electricity/heat/hydrogen): installed km

Chacabuco 0/0/0 0.72/2.95/0 0/3.67/0 0/30/0 0/30/0 0/30/0
Puerto Aysén 0/0/0 7.34/0/0 7.34/0/0 20.72/0.63/0 59.76/0/0 56.89/3.11/0
Tehuelche 0/0/0 0/11.02/0 0/11.02/0 0/88.55/0 0/90/0 0/90/0
Mañihuales 0/0/0 1.83/0/0 1.83/0/0 1.83/0/0 15/0/0 15/0/0
Ñirehuao 0/0/0 0.73/0/0 0.73/0/0 0.73/0/0 5.34/0/0 6/0/0
heating network infrastructure costs, the investment in district heat
pumps dominates, as the difference between electricity distribution
networks and district heating networks costs is not sufficient to offset
the difference in investment costs between the heat pump options.

Investments in CHPs are only favoured when higher CO2 emissions
are allowed – leading to higher emissions than the current case – which
is therefore not aligned with a Net Zero policy. This is also the case for
the use of diesel to supply additional electricity requirements for heat
electrification. On the other hand, for this case study, investment in
hydrogen production and storage technologies was shown to be com-
petitive to supply heat demands only in scenarios with very low/zero
CO2 emissions and particulate matter constraints, taking advantage of
the seasonal storage benefit of hydrogen.

The analysis shows that current use of LPG for domestic hot water
can be displaced by heat pumps, reducing overall costs, and without
the need to impose taxes or limits on CO2 emissions, through integrated
planning. On the other hand, firewood as a heating fuel has a low cost
and a high calorific value, which means that it is not naturally displaced
by costs, requiring limits on particulate matter, or penalisation through
the social cost valuation on people’s health. Further alternatives to
reduce emissions of particulate matter which were not analysed in
this work include additional filters/improved combustion processes for
firewood, or subsidies for heat electrification technologies, encouraging
end-users to invest in them.

In terms of future work and improvements to the model, we expect
to incorporate and evaluate the impact of low-regret measures such as
energy efficiency measures – e.g. thermal insulation in homes, more
efficient wood-stoves – particle filters, and improved firewood quality.
In terms of network representation, future work includes considering
more details in power system operation such as active power reserve
constraints for primary and secondary frequency control, as well as
optimal demand response mechanisms.
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Appendix A. Nomenclature

A.1. List of acronyms

𝐴𝑆𝐻𝑃 Air-source heat pumps (end-use in model formulation)
𝐴𝑢𝑥 Electric resistor heater
𝐵𝑆 Battery storage
𝐶𝐻𝑃 Gas-fuelled CHP
𝐷𝑎𝑚 Hydro dam
𝐷𝐻𝑊 Domestic hot water
𝐸𝐻𝐵 End-use hydrogen boiler
𝑁𝑆𝐸 Non-supplied energy
𝐹𝑊 Firewood end-use heating
𝐿𝑃𝐺 Liquefied petroleum gas end-use
𝐿𝑁𝐺 Liquefied natural gas for CHP
𝐻𝐵 District level hydrogen boiler
𝐻𝐶𝐻𝑃 Hydrogen-fuelled CHP
𝐻𝑃 District level air-source heat pumps
𝐻𝑆 Hydrogen storage
𝐻𝑇 Space-heating
𝑂𝑖𝑙 Diesel
𝑃𝑉 Photovoltaic
𝑃2𝐺 Electrolyser
𝑅𝑂𝑅 Hydro run-of-river
𝑊 𝑇 Wind turbine

A.2. Sets and elements

𝑐 ∈ 𝐶 Element and set of fuels: FW, LPG, LNG, Oil.
𝑑 ∈ 𝐷 Element and set of typical days.
𝑔 ∈ 𝐺 Element and set of electricity generators.
ℎ ∈ 𝐻 Element and set of heat generators.
𝑗 ∈ 𝐽 Element and set of hot water pipes between zones.
𝑘 ∈ 𝐾̄ Element and set of hydrogen pipes between zones.
𝑙 ∈ 𝐿̄ Element and set of low voltage lines between zones.
𝑛 ∈ 𝑁 Element and set of zones.
𝑝 ∈ 𝑃 Element and set of heat demands: space-heating (HT),

hot water (DHW), and total heat (TOT).
𝑟 ∈ 𝑅 ⊂ 𝐺 Element and set of renewable generation technologies.
𝑡 ∈ 𝑇 Element and set hours.

𝑠 ∈ 𝑆 Element and set of scenarios.
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A.3. Parameters

Parameter Description Units

𝐵𝑠ℎ
𝑛 Susceptance in zone 𝑛 S

𝐶𝑂𝑃𝑡 Coefficient of performance of
air-source heat pumps in hour 𝑡

–

𝐶𝐸𝑐 CO2 emission factor of fuel 𝑐 tonCO2/MWh
𝐶𝐸𝑇 Annual CO2 emission limit tonCO2
𝑃𝑀𝑇 Annual particulate matter

emission limit
tonMP2.5

𝐷𝐻𝑁
𝑗 Hot water pipe 𝑗 length to be

installed (between zones)
km

𝐷𝐺𝑁
𝑘 hydrogen pipe 𝑘 length to be

installed (between zones)
km

𝐻𝑚𝑎𝑥
𝑛 Peak heat demand in zone 𝑛 MW

𝐻𝐷
𝑛,𝑡 Total heat demand in zone 𝑛, in

hour 𝑡
MW

𝐻𝐷𝐹𝑊
𝑛,𝑡 Heat demand supplied by

firewood in zone 𝑛, in hour 𝑡
MW

𝐻𝐷𝐿𝑃𝐺
𝑛,𝑡 Heat demand supplied by LPG in

zone 𝑛, in hour 𝑡
MW

ℎ𝑝,𝑛,𝑡 Normalised demand profile of
heat demand type 𝑝, in zone 𝑛
and hour 𝑡

%

𝐻𝑉 𝐿𝑁𝐺 High heating value of natural gas kcal/kg
𝐻𝑉 𝐻2 High heating value of hydrogen kcal/kg
𝐼𝑚,𝑛 Maximum current capacity of

line that connects zones 𝑚 and 𝑛
A

𝐾𝑚𝑛 Total road length in zone 𝑛 km
𝑁𝐷𝑎𝑦𝑠

𝑑 Number of days represented by
typical day 𝑑

𝐿
𝐻2,𝑣𝑜𝑙

Volumetric percentage limit of
hydrogen in hydrogen-natural gas
blend

%

𝑁𝐶𝐻𝑃 Availability factor CHP %
𝑃𝐷
𝑛,𝑡 Active power demand in zone 𝑛

and hour 𝑡
MW

𝑃𝐹𝐷𝑎𝑚
𝑛,𝑠,𝑑 Plant factor of reservoir in zone

𝑛, in scenario 𝑠, in typical day 𝑑
%

𝑃𝑀𝐹𝑊 Emission factor of particulate
matter 2.5 associated to firewood
use

kgPM2.5/m3

𝑃𝑚,𝑛 Feasible predicted operating
point of active power for the line
that connects zones 𝑚 and 𝑛

MW

𝑄̃𝑚,𝑛 Feasible predicted operating
point of reactive power for the
line that connects zones 𝑚 and 𝑛

MVAr

𝑄𝐷
𝑛,𝑡 Reactive power demand in zone 𝑛

in hour 𝑡
MW

𝑅𝑔 Ramp rate of generator 𝑔. MW/h
𝑅𝑚,𝑛 Resistance of line that connects

zones 𝑚 and 𝑛
Ohm

𝑋𝑚,𝑛 Reactance of line that connects
zones 𝑚 and 𝑛

Ohm

𝑆𝑚,𝑛 Aparent capacity of electric line
between zones 𝑚 and 𝑛

MVA

𝑉 , 𝑉 Maximum and minimum voltage
values in each zone for electric
network

V

𝛼𝑟,𝑠,𝑡 Availability of renewable
resource 𝑟 in scenario 𝑠 and hour
𝑡

%

𝜂𝑒𝐶𝐻𝑃 CHP electric efficiency %
𝜂ℎ𝐶𝐻𝑃 CHP thermal efficiency %
𝜂ℎ Thermal efficiency of technology

ℎ
%

𝜂𝑙𝑜𝑠𝑠 Self-discharge fraction of
hydrogen storage

%

𝜂𝑃 2𝐺 Electrolyser efficiency %
19
Parameter Description Units

𝜂𝐵𝑆 Batteries charging efficiency %
𝜂𝐻𝑆 Charging efficiency of hydrogen

storage
%

𝜋𝐹𝑊 Firewood cost USD/MWh
𝜋𝐿𝑃𝐺 LPG cost USD/MWh
𝜋𝐿𝑁𝐺 LNG cost USD/MWh
𝜋𝐻𝐿𝐿 Cost of non-supplied thermal energy USD/MWh
𝜋𝑘𝑚𝐷𝑥 Annualised investment cost of very

low voltage line per kilometre
USD/km/year

𝜋𝑘𝑚𝐻𝑁 Annualised investment cost of
district heating network per
kilometre

USD/km/year

𝜋𝑘𝑚𝐺𝑁 Annualised investment cost of
hydrogen network per kilometre

USD/km/year

𝜋𝐼𝐺𝑁 Annualised investment cost of gas
network per kilometre

USD/km/year

𝜋𝐼
𝑔 Annualised investment cost of

electricity generation technology 𝑔
USD/MW/year

𝜋𝐼
ℎ Annualised investment cost of heat

generation technology 𝑔
USD/MW/year

𝜋𝐼𝐻𝑁 Annualised investment cost of
district heating network between
zones

USD/km/MW/year

𝜋𝐼
𝑙 Annualised investment cost of low

voltage reinforcement line 𝑙
USD/year

𝜋𝐼𝑃 2𝐺 Annualised investment cost of
electrolyser

USD/MW/year

𝜋𝐼𝐵𝑆 Annualised investment cost of
batteries

USD/MW/year

𝜋𝐼𝐻𝑆 Annualised investment cost of
hydrogen storage USD/MW/year

𝜋𝑂
𝑔 Variable cost of generation

technology 𝑔
USD/MW

𝜋𝑃𝐿𝐿 Non-supplied electricity cost USD/MW
𝜌𝑠 Probability of occurrence of scenario

𝑠
%

𝜏𝐵𝑆 Battery storage duration h
𝜏𝐻𝑆 Hydrogen storage duration h

A.4. Variables

Variable Description Units

𝐶𝐹𝑊
𝑛,𝑠,𝑡 Firewood consumption in zone 𝑛,

scenario 𝑠, and hour 𝑡
MW

𝐶𝐿𝑃𝐺
𝑛,𝑠,𝑡 LPG consumption in zone 𝑛, scenario 𝑠,

and hour 𝑡
MW

𝑓 𝑔𝑎𝑠
𝑘,𝑠,𝑡 Gas flow transported in pipeline 𝑘, in

scenario 𝑠, and hour 𝑡
MW

𝐹
𝑔𝑎𝑠
𝑘 Hydrogen pipeline 𝑘 capacity MW

𝑓ℎ𝑒𝑎𝑡
𝑗,𝑠,𝑡 Heat flow transported in pipeline 𝑗, in

scenario 𝑠, and hour 𝑡
MW

𝐹
ℎ𝑒𝑎𝑡
𝑗 Capacity of heat pipeline 𝑗 MW

𝐺𝐿𝑁𝐺
𝑛,𝑠,𝑡 Natural gas consumed by CHP in zone 𝑛,

scenario 𝑠, and hour 𝑡
MW

𝐺ℎ,𝑛,𝑠,𝑡 Hydrogen consumed by technology ℎ, in
zone 𝑛, scenario 𝑠, and hour 𝑡

MW

𝐺𝑃2𝐺
𝑛,𝑠,𝑡 Hydrogen produced by electrolyser in

zone 𝑛, scenario 𝑠, and hour 𝑡
MW

𝐺𝐻𝑆𝐸0
𝑛,𝑠,𝑑 Hydrogen stored at the beginning of

typical day 𝑑, in zone 𝑛, scenario 𝑠, and
hour 𝑡

MWh

𝐻ℎ,𝑛,𝑠,𝑡 Thermal power generated by technology
ℎ in zone 𝑛, scenario 𝑠, and hour 𝑡

MW

𝐻𝑒𝑛𝑑𝑢
𝑛,𝑠,𝑡 Heat demand supplied by end-use

technologies (other than district heating
networks) in zone 𝑛, scenario 𝑠, and hour
𝑡

MW
(continued on next page)
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Variable Description Units

𝐻𝑑ℎ𝑛
𝑛,𝑠,𝑡 Heat demand supplied by district

heating networks in zone 𝑛, in scenario
𝑠, and hour 𝑡

MW

𝐻ℎ,𝑛 Thermal capacity of technology ℎ in
zone 𝑛

MW

𝐼𝑛𝑣 Investment cost USD
𝑖𝑚,𝑛,𝑠,𝑡 Quadratic current variable between

zones 𝑚 and 𝑛, in scenario 𝑠, and hour 𝑡
A2

𝐾𝑚𝐷𝑥
𝑛 Low voltage network length to be

installed in zone 𝑛
km

𝐾𝑚𝐺𝑁
𝑛 Hydrogen network length to be

installed in zone 𝑛
km

𝐾𝑚𝐻𝑁
𝑛 District heating network length to be

installed in zone 𝑛
km

𝑂𝐹 Objective function USD
𝑂𝑝𝑒𝑠,𝑡 Operation cost in scenario 𝑠 and hour 𝑡 USD
𝑃𝑛,𝑠,𝑡 Net active power in zone 𝑛, in scenario

𝑠, and hour 𝑡
MW

𝑄𝑛,𝑠,𝑡 Net reactive power in zone 𝑛, in
scenario 𝑠, and hour 𝑡

MVAr

𝑃ℎ,𝑛,𝑠,𝑡 Electricity consumption of technology
ℎ, in zone 𝑛, in scenario 𝑠, and hour 𝑡

MW

𝑃 𝑃 2𝐺
𝑛,𝑠,𝑡 Electricity consumption of electrolyser

in zone 𝑛, in scenario 𝑠, and hour 𝑡
MW

𝑃𝑔,𝑛,𝑠,𝑡 Active power generated by technology
𝑔 in zone 𝑛, in scenario 𝑠, and hour 𝑡

MW

𝑄𝑔,𝑛,𝑠,𝑡 Reactive power generated by
technology 𝑔 in zone 𝑛, in scenario 𝑠,
and hour 𝑡

MVAr

𝑃 𝑔,𝑛 Electric capacity of generator 𝑔 in zone
𝑛

MW

𝐻𝐿𝐿
𝑛,𝑠,𝑡 Non-supplied electricity demand in

zone 𝑛, in scenario 𝑠, and hour 𝑡
MW

𝑃 𝐿𝐿
𝑛,𝑠,𝑡 Non-supplied heat demand in zone 𝑛, in

scenario 𝑠, and hour 𝑡
MW

𝑃𝑚,𝑛,𝑠,𝑡 Active power in the line connecting
zones 𝑚 and 𝑛, in scenario 𝑠 and hour 𝑡

MW

𝑄𝑚,𝑛,𝑠,𝑡 Reactive power in the line connecting
zones 𝑚 and 𝑛, in scenario 𝑠 and hour 𝑡

MVAr

𝑃
𝑃 2𝐺
𝑛 Electric capacity of electrolyser in zone

𝑛
MW

𝑃𝐻𝑆
𝑛,𝑠,𝑡 Net power of hydrogen storage

technology in zone 𝑛, in scenario 𝑠, and
hour 𝑡

MW

𝑃𝐻𝑆+
𝑛,𝑠,𝑡 Charging power of hydrogen storage

technology in zone 𝑛, in scenario 𝑠, and
hour 𝑡

MW

𝑃𝐻𝑆−
𝑛,𝑠,𝑡 Discharging power of hydrogen storage

technology in zone 𝑛, in scenario 𝑠, and
hour 𝑡

MW

𝑃 𝐵𝑆
𝑛,𝑠,𝑡 Net power of battery storage in zone 𝑛,

in scenario 𝑠, and hour 𝑡
MW

𝑃 𝐵𝑆+
𝑛,𝑠,𝑡 Charging power of battery storage in

zone 𝑛, in scenario 𝑠, and hour 𝑡
MW

𝑃 𝐵𝑆−
𝑛,𝑠,𝑡 Discharging power of battery storage in

zone 𝑛, in scenario 𝑠, and hour 𝑡
MW

𝑃𝐻𝑆𝐸
𝑛,𝑠,𝑡 Energy stored by hydrogen storage

technology in zone 𝑛, in scenario 𝑠, and
hour 𝑡

MWh

𝑃 𝐵𝑆𝐸
𝑛,𝑠,𝑡 Energy stored by battery storage in

zone 𝑛, in scenario 𝑠, and hour 𝑡
MWh

𝑄𝐵𝑆
𝑛,𝑠,𝑡 Reactive power injected by battery

storage in zone 𝑛, scenario 𝑠, and hour 𝑡
MVAr

𝑃
𝐵𝑆
𝑛 Battery storage in zone 𝑛 MW

𝑃
𝐻𝑆
𝑛 Hydrogen storage capacity in zone 𝑛 MW
20
Variable Description Units

𝑣𝑛,𝑠,𝑡 Quadratic voltage variable in the bar
associated to zone 𝑛, in scenario 𝑠, and
hour 𝑡

V2

𝜇𝑙 Binary variable equal to 1 if the low
voltage line 𝑙 is reinforced, and 0
otherwise

–

Appendix B. Full model formulation

B.1. Objective function

The objective function (Eq. (B.1)) minimises the annualised invest-
ment cost and expected operating cost.

𝑂𝐹 = min
{

𝐼𝑛𝑣 +
∑

𝑠∈𝑆

∑

𝑡∈𝑇
𝜌𝑠𝑂𝑝𝑒𝑠,𝑡

}

(B.1)

The total investment costs include the costs of all networks and
technologies (Eq. (B.2)):

𝐼𝑛𝑣 =
∑

ℎ∈𝐻,𝑛∈𝑁
𝜋𝐼
ℎ𝐻ℎ,𝑛 +

∑

𝑔∈𝐺,𝑛∈𝑁
𝜋𝐼
𝑔𝑃 𝑔,𝑛 +

∑

𝑛∈𝑁
𝜋𝐼𝐵𝑆𝑃

𝐵𝑆
𝑛

+
∑

𝑛∈𝑁
𝜋𝐼𝐻𝑆𝑃

𝐻𝑆
𝑛 +

∑

𝑛∈𝑁
𝜋𝐼𝑃2𝐺𝑃

𝑃2𝐺
𝑛

+
∑

𝑛∈𝑁
𝜋𝑘𝑚𝐷𝑥𝐾𝑚𝐷𝑥

𝑛 +
∑

𝑛∈𝑁
𝜋𝑘𝑚𝐻𝑁𝐾𝑚𝐻𝑁

𝑛 +
∑

𝑛∈𝑁
𝜋𝑘𝑚𝐺𝑁𝐾𝑚𝐺𝑁

𝑛

+
∑

𝑗∈𝐽

𝜋𝐼𝐻𝑁𝐷𝐻𝑁
𝑗 𝐹

ℎ𝑒𝑎𝑡
𝑗 +

∑

𝑘∈𝐾̄

𝜋𝐼𝐺𝑁𝐷𝐺𝑁
𝑘 𝐹

𝑔𝑎𝑠
𝑘 +

∑

𝑙∈𝐿̄

𝜋𝐼
𝑙 𝜇𝑙

(B.2)

Operating costs (Eq. (B.3)) are made up of the variable costs of
lectrical generators, fuel consumption costs, and non-supplied energy
osts for both heat and electricity.

𝑝𝑒𝑠,𝑡 =
∑

𝑛∈𝑁,𝑔∈𝐺
𝜋𝑂
𝑔 𝑃𝑔,𝑛,𝑠,𝑡 +

∑

𝑛∈𝑁
𝜋𝐿𝑃𝐺𝐶𝐿𝑃𝐺

𝑛,𝑠,𝑡 +
∑

𝑛∈𝑁
𝜋𝐹𝑊 𝐶𝐹𝑊

𝑛,𝑠,𝑡

+
∑

𝑛∈𝑁
𝜋𝐿𝑁𝐺𝐺𝐿𝑁𝐺

𝑛,𝑠,𝑡 +
∑

𝑛∈𝑁
𝜋𝑃𝐿𝐿𝑃𝐿𝐿

𝑛,𝑠,𝑡 +
∑

𝑛∈𝑁
𝜋𝐻𝐿𝐿𝐻𝐿𝐿

𝑛,𝑠,𝑡;

∀𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇

(B.3)

.2. Energy balance equations

The balance of electricity is shown in Eq. (B.4). Eq. (B.5) indicates
hat the net reactive power in each zone is equal to the reactive demand
n the zone minus the reactive injection by the generators and batteries.

𝑛,𝑠,𝑡 = 𝑃𝐷
𝑛,𝑡 +

∑

ℎ∈{𝐴𝑢𝑥,𝐻𝑃 ,𝐴𝑆𝐻𝑃 }
𝑃ℎ,𝑛,𝑠,𝑡 + 𝑃 𝑃 2𝐺

𝑛,𝑠,𝑡 − 𝑃𝐿𝐿
𝑛,𝑠,𝑡 − 𝑃𝐵𝑆

𝑛,𝑠,𝑡 −
∑

𝑔∈𝐺
𝑃𝑔,𝑛,𝑠,𝑡;

∀𝑛 ∈ 𝑁, 𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.4)

𝑛,𝑠,𝑡 = 𝑄𝐷
𝑛,𝑡 −𝑄𝐵𝑆

𝑛,𝑠,𝑡 −
∑

𝑔∈𝐺
𝑄𝑔,𝑛,𝑠,𝑡; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.5)

Eq. (B.8) shows the heat balance equation, where heat demand
an be supplied either by a district heating network, or by individual
nd-use technologies (Eq. (B.7)).

𝐷
𝑛,𝑡 −𝐻𝐿𝐿

𝑛,𝑠,𝑡 = 𝐻𝑑ℎ𝑛
𝑛,𝑠,𝑡 +𝐻𝑒𝑛𝑑𝑢

𝑛,𝑠,𝑡 ; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.6)

𝑒𝑛𝑑𝑢
𝑛,𝑠,𝑡 =

∑

ℎ∈{𝐴𝑆𝐻𝑃 ,𝐹𝑊 ,𝐸𝐻𝐵,𝑎𝑢𝑥,𝐿𝑃𝐺}
𝐻ℎ,𝑛,𝑠,𝑡; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.7)
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In the district energy balance equation, bi-directional exchange of
energy flows between two locations is allowed, as shown in Eq. (B.8).
Such flows cannot exceed the capacity of the thermal link (Eq. (B.9)).

𝐻𝑑ℎ𝑛
𝑛,𝑠,𝑡 =

∑

ℎ∈{𝐶𝐻𝑃 ,𝐻𝐶𝐻𝑃 ,𝐻𝐵,𝐻𝑃 }
𝐻ℎ,𝑛,𝑠,𝑡 +

∑

𝑗∈𝐹𝑟𝑜𝑚𝑛

𝑓ℎ𝑒𝑎𝑡
𝑗,𝑠,𝑡 −

∑

𝑗∈𝑇 𝑜𝑛

𝑓ℎ𝑒𝑎𝑡
𝑗,𝑠,𝑡 ;

∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇
(B.8)

−𝐹
ℎ𝑒𝑎𝑡
𝑗 ≤ 𝑓ℎ𝑒𝑎𝑡

𝑗,𝑠,𝑡 ≤ 𝐹
ℎ𝑒𝑎𝑡
𝑗 ; ∀𝑗 ∈ 𝐽 ,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.9)

Eq. (B.10) shows the hydrogen balance equation:

𝑃2𝐺
𝑛,𝑠,𝑡 + 𝑃𝐻𝑆

𝑛,𝑠,𝑡 =
∑

ℎ∈{𝐶𝐻𝑃 ,𝐸𝐻𝐵,𝐻𝐶𝐻𝑃 ,𝐻𝐵}
𝐺ℎ,𝑛,𝑠,𝑡 +

∑

𝑘∈𝐹𝑟𝑜𝑚𝑛

𝑓 𝑔𝑎𝑠
𝑘,𝑠,𝑡 −

∑

𝑘∈𝑇 𝑜𝑛

𝑓 𝑔𝑎𝑠
𝑘,𝑠,𝑡;

∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.10)

Exchange of gas flows between zones is allowed, subject to the
maximum capacity of pipelines to be installed, according to Eq. (B.11).

−𝐹
𝑔𝑎𝑠
𝑘 ≤ 𝑓 𝑔𝑎𝑠

𝑘,𝑠,𝑡 ≤ 𝐹
𝑔𝑎𝑠
𝑘 ; ∀𝑘 ∈ 𝐾̄,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.11)

.3. Flows in low voltage networks

The following formulation of AC power flows in the low voltage
etworks connecting cities and generation points is proposed, based on
uadratic variables for voltage (𝑣𝑛,𝑠,𝑡) in each zone (Eq. (B.12)), and
urrent in each network line (𝑖𝑚,𝑛,𝑠,𝑡) (Eq. (B.13)).

𝑛,𝑠,𝑡 = |𝑉𝑛,𝑠,𝑡|
2; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.12)

𝑚,𝑛,𝑠,𝑡 = |𝐼𝑚,𝑛,𝑠,𝑡|
2; ∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.13)

The voltage in each zone is bounded by a minimum and a maximum
alue (Eq. (B.14)), while current in each line is limited to the line’s
aximum current capacity (Eq. (B.15)).
2 ≤ 𝑣𝑛,𝑠,𝑡 ≤ 𝑉 2; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.14)

𝑖𝑚,𝑛,𝑠,𝑡 ≤ 𝐼
2
𝑚,𝑛; ∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.15)

Eq. (B.16) relates the voltages between two consecutive zones, by
the flows and losses of active and reactive power passing through the
line that connects them, and its electrical parameters.

𝑣𝑛,𝑠,𝑡 = 𝑣𝑚,𝑠,𝑡 − 2(𝑅𝑚,𝑛𝑃𝑚,𝑛,𝑠,𝑡 +𝑋𝑚,𝑛𝑄𝑚,𝑛,𝑠,𝑡) + 𝑖𝑚,𝑛,𝑠,𝑡(𝑅2
𝑚,𝑛 +𝑋2

𝑚,𝑛);

∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇
(B.16)

Eq. (B.17) defines the active power flow through the line connecting
zones 𝑚 and 𝑛, while Eq. (B.18) defines the reactive power flow in the
line connecting two zones.

𝑃𝑚,𝑛,𝑠,𝑡 = 𝑃𝑛,𝑠,𝑡 + 𝑅𝑚,𝑛𝑖𝑚,𝑛,𝑠,𝑡 +
∑

𝑓𝑟 𝑛=𝑖
𝑃𝑖,𝑗,𝑠,𝑡 −

∑

𝑡𝑜 𝑛=𝑗
𝑃𝑖,𝑗,𝑠,𝑡;

∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇
(B.17)

𝑄𝑚,𝑛,𝑠,𝑡 = 𝑄𝑛,𝑠,𝑡 +𝑋𝑚,𝑛𝑖𝑚,𝑛,𝑠,𝑡 + 𝐵𝑠ℎ
𝑛 𝑣𝑛,𝑠,𝑡 +

∑

𝑓𝑟 𝑛=𝑖
𝑄𝑖,𝑗,𝑠,𝑡 −

∑

𝑡𝑜 𝑛=𝑗
𝑄𝑖,𝑗,𝑠,𝑡;

∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.18)

The formulation is completed by the following non-linear equations:
Eq. (B.19) models the apparent power capacity of the lines, while
Eq. (B.20) relates the power flows to the voltage in the emitter zone
and current in the line.

𝑃 2
𝑚,𝑛,𝑠,𝑡 +𝑄2

𝑚,𝑛,𝑠,𝑡 ≤ 𝑆
2
𝑚,𝑛; ∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.19)

𝑣𝑛,𝑠,𝑡 ⋅ 𝑖𝑚,𝑛,𝑠,𝑡 ≥ 𝑃 2
𝑚,𝑛,𝑠,𝑡+𝑄2

𝑚,𝑛,𝑠,𝑡; ∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.20)
21

𝐻

Eqs. (B.19) and (B.20) are approximated to linear Eqs. (B.21) and
(B.22), respectively, by means of tangent lines and planes.

−
−𝛼𝑃𝑚,𝑛,𝑠,𝑡 + 𝑆𝑚,𝑛

√

1 − 𝛼2
≤ 𝑄𝑚,𝑛,𝑠,𝑡 ≤

−𝛼𝑃𝑚,𝑛,𝑠,𝑡 + 𝑆𝑚,𝑛
√

1 − 𝛼2
; ∀(𝑚, 𝑛) ∈ 𝑁×𝑁,

∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 ,∀𝛼 ∈ (−1, 1)

(B.21)

𝑉𝑛𝑖𝑚,𝑛,𝑠,𝑡 ≥ 𝑃 2
𝑚,𝑛 + 𝑄̃2

𝑚,𝑛 + 2𝑃𝑚,𝑛(𝑃𝑚,𝑛,𝑠,𝑡 − 𝑃𝑚,𝑛) + 2𝑄̃𝑚,𝑛(𝑄𝑚,𝑛,𝑠,𝑡 − 𝑄̃𝑚,𝑛);

∀(𝑚, 𝑛) ∈ 𝑁×𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.22)

Note that the region defined by the right-hand side of Eq. (B.22)
corresponds to the linear approximation of the region defined by the
right-hand side of Eq. (B.20) via supporting planes. This approximation
is possible because Eq. (B.20) is convex if we assume that 𝑉𝑛 = 1[𝑝.𝑢.].
Note also that 𝑃𝑚,𝑛 and 𝑄̃𝑚,𝑛 can represent different predefined points
that seek to discretise the 𝑃 −𝑄 space. 𝑃𝑚,𝑛 and 𝑄̃𝑚,𝑛 should be selected
such that:

𝑃 2
𝑚,𝑛 + 𝑄̃2

𝑚,𝑛 ≤ 𝑆
2
𝑚,𝑛 ∀(𝑚, 𝑛) ∈ 𝑁×𝑁 (B.23)

B.4. Energy distribution networks

For district heating networks, the sum of the capacities of tech-
nologies connected to the network must be less than or equal to the
fraction of the maximum demand of the area that will be supplied by
this route [27], as shown in Eq. (B.24).

∑

ℎ∈{𝐻𝑃 ,𝐶𝐻𝑃 ,𝐻𝐵,𝐻𝐶𝐻𝑃 }
𝐻ℎ,𝑛 ≤ 𝐾𝑚𝐻𝑁

𝑛
𝐻𝑚𝑎𝑥

𝑛
𝐾𝑚𝑛

; ∀𝑛 ∈ 𝑁 (B.24)

Similarly, the sum of the capacities of technologies that connect
to the low-voltage grid must be less than or equal to the fraction
of demand that will be supplied by these technologies. The decision
variable represents the kilometres of low-voltage grid that need to
be reinforced due to the incorporation of these new electrical loads
(Eq. (B.25)).

∑

ℎ∈{𝐴𝑆𝐻𝑃 ,𝐴𝑢𝑥}
𝐻ℎ,𝑛 ≤ 𝐾𝑚𝐷𝑥

𝑛
𝐻𝑚𝑎𝑥

𝑛
𝐾𝑚𝑛

; ∀𝑛 ∈ 𝑁 (B.25)

The same is used for hydrogen networks (Eq. (B.26)):

𝐻ℎ=𝐸𝐻𝐵,𝑛 ≤ 𝐾𝑚𝐺𝑁
𝑛

𝐻𝑚𝑎𝑥
𝑛

𝐾𝑚𝑛
; ∀𝑛 ∈ 𝑁 (B.26)

.5. Thermal power generation

Thermal power delivered by air-source heat pumps is equal to the
lectrical power consumed, multiplied by their COP (Eq. (B.27)), and
s subject to their maximum capacity (Eq. (B.28)).

ℎ,𝑛,𝑠,𝑡 = 𝑃ℎ,𝑛,𝑠,𝑡𝐶𝑂𝑃𝑡; ∀ℎ ∈ {𝐴𝑆𝐻𝑃 ,𝐻𝑃 },∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.27)

ℎ,𝑛,𝑠,𝑡 ≤ 𝐻ℎ,𝑛; ∀ℎ ∈ {𝐴𝑆𝐻𝑃 ,𝐻𝑃 },∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.28)

The thermal power delivered by hydrogen boilers is equal to the
hydrogen consumed – in terms of its heating value – times the boilers’
efficiency (Eq. (B.29)), and is also subject to their maximum capacity
(Eq. (B.30)).

𝐻ℎ,𝑛,𝑠,𝑡 = 𝐺ℎ,𝑛,𝑠,𝑡𝜂ℎ; ∀ℎ ∈ {𝐸𝐻𝐵,𝐻𝐵},∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.29)

𝐻 ; ∀ℎ ∈ {𝐸𝐻𝐵,𝐻𝐵},∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.30)
ℎ,𝑛,𝑠,𝑡 ≤ ℎ,𝑛
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Two types of CHPs are also incorporated; a hybrid CHP fuelled by
natural gas/hydrogen mixtures, and a CHP fuelled by pure hydrogen.
Their thermal power production is bounded by their maximum thermal
capacity and weighted by an availability factor which accounts for
annual maintenance periods as shown in Eq. (B.31).

𝐻ℎ,𝑛,𝑠,𝑡 ≤ 𝑁𝐶𝐻𝑃𝐻ℎ,𝑛; ∀ℎ ∈ {𝐻𝐶𝐻𝑃 ,𝐶𝐻𝑃 },∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.31)

Eqs. (B.32) and (B.33) state that generated electrical and thermal
power equate to the primary fuel consumption weighted by the CHP’s
electrical and thermal efficiencies, respectively.

𝑃𝑔,𝑛,𝑠,𝑡 = (𝐺𝐿𝑁𝐺
𝑛,𝑠,𝑡 + 𝐺ℎ,𝑛,𝑠,𝑡)𝜂𝑒𝐶𝐻𝑃 ; ∀𝑔 ∈ {𝐻𝐶𝐻𝑃 ,𝐶𝐻𝑃 }, ℎ ∈ {𝐶𝐻𝑃 },

∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.32)

𝐻ℎ,𝑛,𝑠,𝑡 = (𝐺𝐿𝑁𝐺
𝑛,𝑠,𝑡 +𝐺ℎ,𝑛,𝑠,𝑡)𝜂ℎ𝐶𝐻𝑃 ; ∀ℎ ∈ {𝐶𝐻𝑃 },∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.33)

Eq. (B.34) states that generation between one hour and the next
cannot be greater than a maximum load shedding or load shedding
ramp.

−𝑅𝑔𝐻ℎ,𝑛 ≤ 𝐻ℎ,𝑛,𝑠,𝑡−1 −𝐻ℎ,𝑛,𝑠,𝑡 ≤ 𝑅𝑔𝐻ℎ,𝑛; ∀𝑔 ∈ {𝐶𝐻𝑃 },∀ℎ ∈ {𝐶𝐻𝑃 },

∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.34)

Finally, in the case of hybrid CHPs, the hydrogen present in the
ixture cannot exceed a maximum percentage in volume as shown

n Eq. (B.35). As the limit expressed in volume percentage, Eq. (B.36)
onverts the limit into energy units.

ℎ,𝑛,𝑠,𝑡 ≤ 𝐿
𝐻2 ,𝑒𝑛𝑒𝑟𝑔𝑦(𝐺ℎ,𝑛,𝑠,𝑡 + 𝐺𝐿𝑁𝐺

𝑛,𝑠,𝑡 );

ℎ ∈ {𝐶𝐻𝑃 },∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.35)

𝐿
𝐻2 ,𝑒𝑛𝑒𝑟𝑔𝑦 = 𝐿

𝐻2 ,𝑣𝑜𝑙𝐻𝑉 𝐻2

(1 − 𝐿
𝐻2 ,𝑣𝑜𝑙)𝐻𝑉 𝐿𝑁𝐺 + 𝐿

𝐻2 ,𝑣𝑜𝑙𝐻𝑉 𝐻2

(B.36)

B.6. Hydrogen generation and storage

The hydrogen produced by the electrolyser is the active power con-
sumed times a conversion efficiency (Eq. (B.37)). Its power consump-
tion is limited to the electrical capacity of the electrolyser (Eq. (B.38)).

𝐺𝑃2𝐺
𝑛,𝑠,𝑡 = 𝑃 𝑃 2𝐺

𝑛,𝑠,𝑡 𝜂
𝑃2𝐺; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.37)

𝑃2𝐺
𝑛,𝑠,𝑡 ≤ 𝑃

𝑃2𝐺
𝑛 ; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.38)

Hydrogen storage is represented through a series of constraints.
Eqs. (B.39) and (B.40) state that the net charging power (discharge
minus charging) is bounded by the storage tank’s charging capacity,
for the entire set of hours within each representative day. The energy
contained in the tank cannot be greater than the maximum charging
power multiplied by the duration of the storage in hours (Eq. (B.41)).
Within each representative day and from the second hourly block
onwards, the energy contained in a given hour is calculated as the
energy contained in the previous hour, plus the load, and minus the
discharge in the current hour, as shown in Eq. (B.42).

𝑃𝐻𝑆
𝑛,𝑠,𝑡 = 𝑃𝐻𝑆−

𝑛,𝑠,𝑡 − 𝑃𝐻𝑆+
𝑛,𝑠,𝑡 ; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.39)

− 𝑃
𝐻𝑆

≤ 𝑃𝐻𝑆 ≤ 𝑃
𝐻𝑆

; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.40)
22

𝑛 𝑛,𝑠,𝑡 𝑛
𝑃𝐻𝑆𝐸
𝑛,𝑠,𝑡 ≤ 𝑃

𝐻𝑆
𝑛 𝜏𝐻𝑆 ; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.41)

𝑃𝐻𝑆𝐸
𝑛,𝑠,𝑡 = 𝑃𝐻𝑆𝐸

𝑛,𝑠,𝑡−1 − 𝑃𝐻𝑆−
𝑛,𝑠,𝑡 + 𝑃𝐻𝑆+

𝑛,𝑠,𝑡 𝜂𝐻𝑆 ; ∀𝑑 ∈ 𝐷,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,

∀𝑡 ∈ {24(𝑑 − 1) + 2,… , 24𝑑}
(B.42)

The initial condition 𝐺𝐻𝑆𝐸0
𝑑 for each representative day (except the

irst), is calculated as a function of the initial condition and the state of
harge in the 24th hour of the previous representative day, as shown
n Eq. (B.43).
𝐻𝑆𝐸0
𝑛,𝑠,𝑑 = (1 − 𝜂𝑙𝑜𝑠𝑠) ⋅ (𝐺𝐻𝑆𝐸0

𝑛,𝑠,𝑑−1 +𝑁𝑑𝑎𝑦𝑠
𝑑 ⋅ (𝑃𝐻𝑆𝐸

𝑛,𝑠,𝑡=24𝑑 − 𝐺𝐻𝑆𝐸0
𝑛,𝑠,𝑑−1));

∀𝑑 ∈ 𝐷,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆 (B.43)

The energy in the first hour of each representative day is given by
he initial condition described above, plus the net charge during the
irst hour (Eq. (B.44)).
𝐻𝑆𝐸
𝑛,𝑠,𝑡=24(𝑑−1)+1 = 𝐺𝐻𝑆𝐸0

𝑛,𝑠,𝑑 − 𝑃𝐻𝑆−
𝑛,𝑠,𝑡=24(𝑑−1)+1 + 𝑃𝐻𝑆+

𝑛,𝑠,𝑡=24(𝑑−1)+1𝜂
𝐻𝑆 ;

∀𝑑 ∈ 𝐷,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆 (B.44)

Finally, the energy at the 24th hour of the last representative day
ust be equal to the initial energy of the first day, in this case zero

Eq. (B.45)).
𝐻𝑆𝐸
𝑛,𝑠,𝑡=1 = 𝑃𝐻𝑆𝐸

𝑛,𝑠,𝑡=𝐶𝑎𝑟𝑑(𝐷)⋅24 = 0; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆 (B.45)

.7. Electricity generation and storage

Eq. (B.46) shows the end-point model for plants with regulation
apacity.
∑

𝑡∈𝑇𝑑

𝑃𝑔,𝑛,𝑠,𝑡 ≤ 𝑃 𝑔,𝑛𝑃𝐹
𝐷𝑎𝑚
𝑛,𝑠,𝑑 𝐶𝑎𝑟𝑑(𝑇𝑚);

∀𝑑 ∈ 𝐷,∀𝑔 ∈ {𝐷𝑎𝑚},∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆 (B.46)

For non-dispatchable renewable power plants, power generated in
each hour cannot exceed the plant’s capacity times the availability
factor in that hour, as shown in (B.47).

𝑃𝑟,𝑛,𝑠,𝑡 ≤ 𝑃 𝑟,𝑛𝛼𝑟,𝑠,𝑡; ∀𝑟 ∈ 𝑅,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.47)

For diesel power plants, the power generated must always be less
than or equal to their capacity, as seen in Eq. (B.48), and the power dif-
ference between two consecutive hours must not exceed the maximum
load shedding ramp, as shown in Eq. (B.49).

𝑃𝑔,𝑛,𝑠,𝑡 ≤ 𝑃 𝑔,𝑛; ∀𝑔 ∈ {𝑂𝑖𝑙},∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.48)

− 𝑅𝑔𝑃 𝑔,𝑛 ≤ 𝑃𝑔,𝑛,𝑠,𝑡−1 − 𝑃𝑔,𝑛,𝑠,𝑡 ≤ 𝑅𝑔𝑃 𝑔,𝑛;

∀𝑔 ∈ {𝑂𝑖𝑙},∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.49)

Eq. (B.50) shows the operating chart relating active and reactive
power with capacities for each generator, using tangent lines to limit
feasible regions for active and reactive power operating points for
transmission line limits.

−
−𝛼𝑃𝑔,𝑛,𝑠,𝑡 + 𝑆𝑔,𝑛

√

1 − 𝛼2
≤ 𝑄𝑔,𝑛,𝑠,𝑡 ≤

−𝛼𝑃 𝑔
𝑛,𝑠,𝑡 + 𝑆𝑔,𝑛

√

1 − 𝛼2
∀𝛼 ∈ (−1, 1),∀𝑔 ∈ 𝐺,

∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.50)

The following equations show the batteries predetermined duration
model. The charging and discharging power must be less than the
batteries’ powers (Eqs. (B.51) and (B.52)), and stored energy must
not exceed the battery’s capacity multiplied by charging duration
(Eq. (B.53)).

𝑃𝐵𝑆 = 𝑃𝐵𝑆− − 𝑃𝐵𝑆+; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.51)
𝑛,𝑠,𝑡 𝑛,𝑠,𝑡 𝑛,𝑠,𝑡
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Fig. 16. Variation of COP with temperature [55].
− 𝑃
𝐵𝑆
𝑛 ≤ 𝑃𝐵𝑆

𝑛,𝑠,𝑡 ≤ 𝑃
𝐵𝑆
𝑛 ; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.52)

𝑃𝐵𝑆𝐸
𝑛,𝑠,𝑡 ≤ 𝑃

𝐵𝑆
𝜏𝐵𝑆 ; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.53)

Charge states are coupled using an inventory constraint, Eq. (B.54),
and the reactive power that can be injected by the battery is modelled
in the same way as for generators (Eq. (B.55)).

𝑃𝐵𝑆𝐸
𝑛,𝑠,𝑡 = 𝑃𝐵𝑆𝐸

𝑛,𝑠,𝑡−1 − 𝑃𝐵𝑆−
𝑛,𝑠,𝑡 + 𝑃𝐵𝑆+

𝑛,𝑠,𝑡 𝜂𝐵𝑆 ; ∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.54)

−
−𝛼𝑃𝐵𝑆

𝑛,𝑠,𝑡 + 𝑆
𝐵𝑆
𝑛

√

1 − 𝛼2
≤ 𝑄𝐵𝑆

𝑛,𝑠,𝑡 ≤
−𝛼𝑃𝐵𝑆

𝑛,𝑠,𝑡 + 𝑆
𝐵𝑆
𝑛

√

1 − 𝛼2
;

∀𝛼 ∈ (−1, 1),∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.55)

B.8. Following heat demand profile

The sum of heat outputs generated by the technologies connected
to the district heating network must follow the heat demand pro-
file (Eq. (B.56)). The same applies for end-user hydrogen boilers
(Eq. (B.57)), and for the sum of outputs of residential heat pumps
with auxiliary electric heaters (Eq. (B.58)). The profile to be followed
by these three technology groups (district heat, hydrogen boilers, and
heat-pump/auxiliary electric heater units) can be either the total heat
demand profile, the domestic hot water profile, or the space-heating
demand profile.

ℎ𝑝,𝑛,𝑡 ⋅
∑

ℎ∈{𝐻𝑃 ,𝐶𝐻𝑃 ,𝐻𝐵,𝐻𝐶𝐻𝑃 }
𝐻ℎ,𝑛 ≤

∑

ℎ∈{𝐻𝑃 ,𝐶𝐻𝑃 ,𝐻𝐵,𝐻𝐶𝐻𝑃 }
𝐻ℎ,𝑛,𝑠,𝑡;

∀𝑝 ∈ 𝑃 ,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇
(B.56)

ℎ𝑝,𝑛,𝑡 ⋅
∑

ℎ∈{𝐸𝐻𝐵}
𝐻ℎ,𝑛 ≤

∑

ℎ∈{𝐸𝐻𝐵}
𝐻ℎ,𝑛,𝑠,𝑡;

∀𝑝 ∈ 𝑃 ,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.57)

ℎ𝑝,𝑛,𝑡 ⋅
∑

ℎ∈{𝐴𝑢𝑥,𝐴𝑆𝐻𝑃 }
𝐻ℎ,𝑛 ≤

∑

ℎ∈{𝐴𝑢𝑥,𝐴𝑆𝐻𝑃 }
𝐻ℎ,𝑛,𝑠,𝑡;

∀𝑝 ∈ 𝑃 ,∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.58)
23
Firewood must follow space-heating demand profiles (Eq. (B.59))
and LPG technologies must follow water-heating demand profiles
(Eq. (B.60)).

ℎ𝑝,𝑛,𝑡 ⋅𝐻ℎ,𝑛 ≤ 𝐻ℎ,𝑛,𝑠,𝑡; ∀𝑝 ∈ {𝐻𝑇 }, ℎ ∈ {𝐹𝑊 },∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇

(B.59)

ℎ𝑝,𝑛,𝑡 ⋅𝐻ℎ,𝑛 ≤ 𝐻ℎ,𝑛,𝑠,𝑡;

∀𝑝 ∈ {𝐷𝐻𝑊 }, ℎ ∈ {𝐿𝑃𝐺},∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.60)

Finally, firewood and LPG consumption cannot be higher than the
current use as imposed by Eqs. (B.61) and (B.62), respectively.

𝐻ℎ,𝑛,𝑠,𝑡 ≤ 𝐻𝐷𝐹𝑊
𝑛,𝑡 ; ℎ ∈ {𝐹𝑊 },∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.61)

𝐻ℎ,𝑛,𝑠,𝑡 ≤ 𝐻𝐷𝐿𝑃𝐺
𝑛,𝑡 ; ℎ ∈ {𝐿𝑃𝐺},∀𝑛 ∈ 𝑁,∀𝑠 ∈ 𝑆,∀𝑡 ∈ 𝑇 (B.62)

B.9. Emission limits

Finally, Eq. (B.63) caps the total system’s annual CO2, while
Eq. (B.64) limits particulate matter produced from firewood combus-
tion.
∑

𝑠∈𝑆

∑

𝑛∈𝑁

∑

𝑡∈𝑇
𝜌𝑠(𝑃𝑔=𝑂𝑖𝑙,𝑛,𝑠,𝑡𝐶𝐸𝑜𝑖𝑙 + 𝐺𝐿𝑁𝐺

𝑛,𝑠,𝑡 𝐶𝐸𝐿𝑁𝐺

+ 𝐶𝐿𝑃𝐺
𝑛,𝑠,𝑡 𝐶𝐸𝐿𝑃𝐺) ≤ 𝐶𝐸𝑇 (B.63)

∑

𝑠∈𝑆

∑

𝑛∈𝑁

∑

𝑡∈𝑇
𝜌𝑠𝐶

𝐹𝑊
𝑛,𝑠,𝑡 𝑃𝑀

𝐹𝑊 ≤ 𝑃𝑀𝑇 (B.64)

Appendix C. Variation of the coefficient of performance with out-
side temperatures for air-source heat pumps

See Fig. 16.

Appendix D. Energy service demand profiles

See Figs. 17 and 18.
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Fig. 17. Electricity demand profiles.
Fig. 18. Heat demand profiles.
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