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Abstract. The extensive integration of renewable generation in electricity systems is signif
icantly increasing the variability and correlation in power availability and the need for 
energy storage capacity. This increased uncertainty and storage capacity should be consid
ered in operational decisions such as the short-term unit commitment (UC) problem. In 
this work, we formulate a day-ahead UC problem with energy storage, considering multi
stage correlated uncertainty on renewables’ power availability. We solve this multistage 
stochastic unit commitment (MSUC) problem with integer variables in the first stage using 
a new variant of SDDP that can explicitly deal with temporal correlations. Our computa
tional results on the IEEE 118-bus system demonstrate the significance of considering mul
tistage uncertainty and correlations, comparing our solution with other multistage 
solutions, two-stage solutions, and deterministic solutions typically used by industry. We 
also solve the MSUC problem for a representation of the Chilean power system, finding 
superior UC solutions for scenarios where adapting generation to the unfolding uncer
tainty is costly. Finally, we demonstrate that the MSUC approach can be used to define a 
more efficient deterministic UC solution, outperforming the current industry practice.

History: This article is part of the Operations Research Special Issue on Computational Advances in Short- 
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1. Introduction
Because of climate change, various governments around 
the globe are committed to decarbonizing the energy 
sector. This is being translated into policies that promote 
more extensive integrations of renewable generation in 
the electricity system. Various jurisdictions in the United 
States have committed renewables targets (the so-called 
renewables portfolio standards) by the next decade, 
hitting 50% (Maryland, New Jersey) and even 100% 
(Washington DC) of the participation of the retail sales 
from renewables (PJM 2020). Such renewables-centered 
policies are now being complemented with carbon neu
trality objectives and plans to retire coal power units. 
Chilean authorities, for example, are planning to decom
mission all coal power plants in a decade and the coun
try is already facing hours when solar and wind power 
generation supply more than half of the country’s 
demand. Great Britain, in another example, ran coal-free 
for almost 60% of the time in 2020, with the renewables 
share already surpassing that of fossil-fuel generators. 

Remarkably, on a good day, wind can provide up to 
60% of Great Britain’s electricity demand (BBC News 
2020, edie 2021).

Integrating more and more renewables will require 
installing supporting technologies that can provide the 
needed flexibility to deal with variable generation effec
tively. Of these technologies, energy storage is of utmost 
importance because it can store energy when renewable 
generation exceeds demand, delivering it later on when 
renewables do not suffice. However, managing a system 
featuring these characteristics is not trivial and is signifi
cantly more complex than operating a fully controllable, 
fossil-fueled generation fleet. Indeed, there is now a 
pressing need to appropriately recognize some of these 
characteristics (such as the stochastic nature of renew
able energy and the presence of energy storage) in oper
ational decision-making problems that must be solved 
by system operators to supply demand with appropriate 
quality and reliability levels. One of these operational 
problems is the so-called unit commitment (UC).
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The UC problem refers to the optimal operational 
discrete decisions where the on/off statuses of genera
tion units are determined to minimize the cost of meet
ing demand over a short (one day) planning horizon in 
a power system. The main versions of the UC problem 
are deterministic and stochastic, with industry tradi
tionally using deterministic ones (Zheng et al. 2014); in 
Section 2, we provide a more comprehensive descrip
tion and review of the UC problem. In its stochastic 
version, the uncertainty present due to demand and 
generation is commonly represented as a two-stage 
stochastic optimization problem, where the uncertainty 
for the next 24 hours is revealed at the beginning of the 
day (Ruiz et al. 2009, Papavasiliou and Oren 2013, 
Morales-España et al. 2018). However, the increasing 
integration of uncertain renewable resources and larger 
storage plants motivates the study of a multistage sto
chastic model for the UC problem.

In this work, we study the use of the stochastic dual 
dynamic programming (SDDP) approach to tackle a 
multistage stochastic UC (MSUC) problem with signifi
cant penetration of renewable generation (wind, solar) 
and energy storage (batteries, pumped-storage) capaci
ties. The integration of renewable resources creates a 
generation mix that is highly variable and hard to pre
dict accurately, with significant short-term correlation. 
Although SDDP is typically used to solve dispatch pro
blems where binary/commitment decisions are already 
fixed, it does allow the consideration of first-stage 
binary variables. Therefore, it is a natural alternative for 
MSUC, helping to reduce the gap between real-time 
operations and day-ahead planning. Under this ap
proach, units can be committed the day before, while 
considering dynamic operational decisions for the next 
24 hours instead of trajectories of fixed decisions as in 
the two-stage formulation.

A limitation observed in the SDDP literature is 
the assumption of stagewise-independent uncertainty 
(Infanger and Morton 1996, De Queiroz and Morton 
2013), which makes questionable its use with correlated 
renewable generation uncertainty. A recent extension, 
the Markov-SDDP method (Philpott and De Matos 
2012), admits a broad range of dependency models at 
the expense of an increase in time and space complex
ity; nevertheless, it is not always entirely clear how 
to provide solution quality guarantees with respect to 
the “true” (also called unsampled or nondiscretized) 
stochastic problem (Löhndorf and Shapiro 2019). To 
ensure the latter, in this work, we rely on an importance 
sampling–based technique to generate the discretized 
scenarios required by Markov-SDDP (Cordera et al. 
2021) and use this method to solve the MSUC problem.

We show that our approach is appropriate to model 
and solve MSUC in real-life settings. We evaluate the 
proposed model’s benefits on a modified 118-bus IEEE 
test system and a 227-bus representation of the Chilean 

system, comparable to what the country’s independent 
system operator (ISO) uses to decide daily UC (notice 
that the Chilean system features a predominantly linear/ 
narrower network configuration; therefore, the methods 
discussed in this paper may require further adjustments 
for other network characteristics). The uncertainty corre
sponds to wind power generation profiles across different 
system locations, which exhibit significant space and, 
importantly for this paper, temporal correlations. In the 
IEEE test system, we compare the solutions obtained 
for the MSUC with temporal correlations (our approach) 
to four alternatives: MSUC without temporal correlations, 
two-stage stochastic UC with temporal correlations, two- 
stage stochastic UC without temporal correlations, and 
the deterministic approach with (exogenous) reserve re
quirements (corresponding to the industry standard). In 
the Chilean case study, we focus on how material the 
benefits of our approach are, in reality, by comparing it 
against the current deterministic UC used by the Chilean 
ISO. We also evaluate and discuss possible improvements 
to the current deterministic UC, by taking advantage of 
the information determined by our MSUC approach in 
terms of the reserves genuinely required by the system; 
thus, we propose to use the reserve volumes found by 
our MSUC as inputs in the deterministic UC model.

The main contributions of this work are as follows: 
1. We use the SDDP method to solve a MSUC prob

lem that makes day-ahead commitment decisions in 
line with current industry practice, while considering 
dynamic dispatch decisions. In this vein, this combina
tion of model and solution method helps to improve 
consistency between real-time and day-ahead deci
sions in terms of considering multistage uncertainty 
on the next day, when determining the unit commit
ment solution day-ahead. Our computational results 
demonstrate, on a generic IEEE system and the Chil
ean system, the significant benefits of this approach 
compared with various alternatives, including that of 
standard use in the power industry.

2. We use an importance sampling–based technique 
to generate the scenario tree for the Markov-SDDP solu
tion method, used to solve MSUC. This approach allows 
us to consider more realistic wind uncertainty models 
that have both spatial and temporal correlations and, in 
addition, complicated nonlinear time dependencies that 
are difficult to include in classic-SDDP solution methods.

3. Our results on the Chilean electricity system also 
show that the current deterministic UC approach (used 
by the ISO) is efficient at present, as it is not costly to 
adapt generation. However, going forward, it becomes 
inefficient with respect to the MSUC solution in scenarios 
with more wind uncertainty and dry (hydro) conditions.

4. We propose a deterministic UC approach, with 
reserve requirements determined from our MSUC ap
proach. This new deterministic UC solution obtains 
similar efficiency levels to the MSUC approach in the 
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Chilean electricity system, even under high wind un
certainty and dry conditions, outperforming the current 
industry practice. We argue that introducing this new 
deterministic UC approach should be straightforward 
since no significant modification is needed in the ancil
lary services market.

This paper is organized as follows. Section 2 introduces 
the notation and problem statement, including a literature 
review. In Section 3, we present the proposed MSUC 
model. In Section 4, we describe the experimental setting 
in which we test our model. In Section 5, we show the 
computational results on both the IEEE test system and 
the Chilean system. Finally, we conclude in Section 6.

2. Notation and Problem Statement
We begin by presenting the UC problem for an elec
tricity network with generation from thermal units 
and renewable energy utilities, particularly wind gen
eration and pumped-storage units. We then review the 
SDDP algorithm used for optimizing operating deci
sions of this network when considering multistage 
uncertainty in wind power availability.

To fix notation, we present below the index sets, 
parameters and variables used Table 1–3.

2.1. UC Problem
UC is the problem determining the next-day schedule 
of generating units that should be synchronized/online 
(i.e., on/off status of power units) to meet load demand 
at minimum cost while satisfying physical constraints. 
To protect against outages of generating units and/or 
transmission lines and load forecast errors, reserve 
requirements are traditionally included in deterministic 
formulations. However, this may lead to conservative 
solutions and requires nontrivial tuning, as mentioned 
by Aminifar et al. (2009). Moreover, a significant pres
ence of renewable energy makes it more difficult to esti
mate the necessary reserve requirements due to their 
high intrinsic uncertainty.

Approaches that explicitly model the uncertainty in 
the UC problem use either stochastic optimization or 
robust optimization. We refer the reader to Zheng et al. 
(2014) for an extensive review on this topic. For exam
ple, Papavasiliou and Oren (2013) presented a stochas
tic model to solve large-scale systems with component 
failures and high wind penetration, Jiang et al. (2011) 
proposed a robust approach to accommodate wind un
certainty in a system with pumped-storage units, and, 

Table 1. Sets

Notation Description

B Buses
L Transmission lines (including transformers)
D Loads
G Thermal units
W Wind units
P Pumped-storage units
T Time periods
I Indices of vertices in piecewise approximation
Gb Thermal units at bus b
Wb Wind units at bus b
Pb Pumped-storage units at bus b
Db Loads at bus b
Lb

in(Lb
out) Lines to (from) bus b

Table 2. Parameters

Notation Description

∆t Length of time periods
dd

t Demand of load d at period t
ebl (sbl) End (start) bus of line l
Bl Susceptance of line l
Fl Flow capacity of line l
ηp

chg(ηp
disc) Charge (discharge) efficiency of pumped- 

storage unit p
Sp

min(Sp
max) Minimum (maximum) energy storage capacity 

of pumped-storage unit p
Capp

chg(Capdisc
p ) Charge (discharge) power capacity of pumped- 

storage unit p
Capw Installed capacity of wind unit w
Iw

t Observed wind power in wind unit w at 
period t

Pg
min (Pg

max) Technical minimum (maximum) power capacity 
of thermal unit g

ag, bg, cg Parameters of quadratic cost function of 
thermal unit g

cg
SU(cg

SD) Start-up (shut-down) cost of thermal unit g
Rg

up(Rg
down) Ramp-up (ramp-down) rate limit of thermal 

unit g
Rg

SU(Rg
SD) Start-up (shut-down) ramp rate limit of thermal 

unit g
UTg (DTg) Minimum uptime (downtime) of thermal unit g
Cp

gs (Cp
ls) Penalty cost for exceeding generation (load 

shedding)

Table 3. Decision Variables

Notation Description

xg
t Status (on/off) of thermal unit g at period t

ug
t (vg

t) Start-up (shut-down) decision of thermal unit g 
at period t

pg
t Generation of thermal unit g at period t

gw
t (cw

t) Generation (curtailment) of wind unit w at period t
pcp

t (pdp
t) Charge (discharge) of pumped-storage unit at 

period t
sp

t Stored energy in pumped-storage unit p at the end 
of period t

θb
t Phase (voltage) angle in bus b at period t

flt Flow in line l at period t
gsb

t (lsb
t) Exceeding generation (load shedding) in bus b at 

period t
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more recently, Xiong et al. (2016) proposed a distribu
tionally robust model where wind uncertainty is cap
tured by a family of distributions (ambiguity set) and 
the worst-distribution case is optimized. Conversely, 
Ruiz et al. (2009) compared the stochastic and reserve 
methods and proposed a combined approach to deal 
with generation and load uncertainties, and Morales- 
España et al. (2018) compared the robust and the sto
chastic formulations and proposed a unified robust- 
stochastic formulation. All these models considered a 
two-stage formulation of the problem, as is usual in 
the UC literature. In what follows, we focus on sto
chastic formulations.

In the two-stage stochastic Unit Commitment (SUC) 
problem, it is assumed that uncertainty for the next 
24 hours is revealed at the beginning of the day but 
many scenarios are considered simultaneously, with 
their respective probabilities. The first stage includes 
the commitment decisions (made without knowing 
which scenario will occur), and the second stage repre
sents the dispatch decisions under each scenario 
(Figure 1). The latter are therefore decided under per
fect foresight assumption in each scenario, which may 
be considered too optimistic to represent realistic sys
tem operations. This worsens as the coupling between 
interperiod decisions increases, as is the case when 
including energy storage facilities. In this situation, 
given a fixed wind and demand scenario, the energy 
storage capacity can be used to satisfy peak demand 
with stored energy to an unrealistic degree. The SUC 
problem may be formulated as a multistage stochastic 
optimization problem to overcome this difficulty. This, 
however, causes a significant increase in the computa
tional burden.

Shiina and Birge (2004) proposed an algorithm 
based on column generation to decompose a multi
stage SUC into single-generator subproblems; to limit 
the computational burden, they consider stages com
prising several hours each. Related to this difficulty, 
Uçkun et al. (2016) proposed a model that sits in 
between the two-stage and the multistage formula
tions, putting the scenarios into buckets to reduce the 
problem’s size and solve in extensive form. The work 
by Zou et al. (2018) proposed an interesting new 
decomposition algorithm based on stochastic dual 
dynamic integer programming (SDDiP) to solve a full 
multistage SUC problem. In the previously mentioned 
multistage settings, commitment decisions are made 
dynamically at each period as uncertainty is revealed. 
Although being attractive from an optimal operation 
perspective, these schemes may be impractical so far 
due to limitations in the implementation process since, 
currently, the optimization of commitment decisions 
is made one day ahead.

Hence, part of our goal is to formulate a model where 
commitments are decided one day ahead (as currently 
done by system operators in practice) while incorporat
ing dynamic dispatch decisions to avoid misrepresen
tation due to the perfect foresight assumption (present, 
although to a different extent, in both the two-stage 
and deterministic formulations). We refer to this partic
ular scheme of multistage SUC as the MSUC problem. 
We point out that we solve large instances of MSUC on 
real power systems using the SDDP method, described 
next.

2.2. SDDP in Short-Term Operations
Pereira (1989) proposed Stochastic Dual Dynamic Pro
gramming (SDDP) to solve the hydro-thermal schedul
ing problem: a large-scale multistage stochastic linear 
program. Since then, the method has been extensively 
studied (as a cross-discipline technique) and many 
variants proposed.

Recently, Papavasiliou et al. (2017) and Zéphyr and 
Anderson (2018) implemented SDDP to solve the 
real-time dispatch problem under wind uncertainty 
in the presence of energy storage facilities, demon
strating its capability to address short-term opera
tional problems. We refer the reader to Guo et al. 
(2022) for a review on recent SDDP applications with 
energy storage and renewable integration. Although 
these formulations consider fixed commitment deci
sions, SDDP readily admits the inclusion of integer 
variables in the first stage. Therefore, it becomes natu
ral to use SDDP to solve MSUC. This approach would 
solve a problem that decides the commitment of gen
erating units in the first stage with dynamic dispatch 
decisions for the next 24 hours, avoiding the perfect 
foresight assumption.

Figure 1. (Color online) Stochastic Unit Commitment 
Decisions Structure 

Notes. Each path represents a different scenario. Two-stage formula
tion only considers solid-line paths. Multistage formulation considers 
every possible combination of paths.
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The SDDP algorithm solves the multistage linear 
program:

P( ) min
A1x1�b1

c1x1 + Ej2 |j1

"

min
B2x1+A2x2�b2

c2x2 + Ej3 |j2

"

: : : + EjT |jT�1

"

min
BT xT�1+ATxT�bT

cTxT

###

,

(1) 

where jt � (ct , At, Bt , bt ), t � 2, : : : , T represents the 
stochastic data process, containing discrete random 
vectors and matrices, with j1 � (c1 , A1, b1) being deter
ministic. In practice, Bt often has many columns of 
zeros; hence only a portion of xt�1 actually affects the 
inner optimization problems. This portion of xt�1 is 
commonly referred to as state variables; they carry all 
the necessary information to determine the initial state 
at stage t. Typically, it is assumed that every stage sub
problem is always feasible for any possible value of 
xt�1 (known as the relatively complete recourse condi
tion); otherwise, slack variables are introduced and 
penalized.

Notice the underlying scenario tree structure of the 
problem (P). Part of the efficiency of the SDDP method 
relies on having a fixed set of jt samples at each stage 
and generating full-horizon scenarios as different com
binations of them (this corresponds to a recombining 
scenario tree). In case jt is continuous by nature 
(which is usual, as in our study), it must be discretized 
(e.g., by sampling or optimal quantization). In Section 
4.1, we describe how to assess the quality of such 
approximations.

Problem (P) may be decomposed by stages. Then, for 
t � T, : : : , 1

Qt xt�1, jt
� �

� min
Btxt�1+Atxt�bt

ctxt +Qt+1 xt, jt
� �

, (2) 

where

Qt+1 xt, jt
� �

�
Ejt+1 |jt

Qt+1 xt, jt+1
� �� �

, t � T� 1, : : : , 1
0, t � T:

�

(3) 

The latter is known as the future value function. It 
accounts for the future effect of leaving the system in 
state xt having observed jt. It can be shown that the 
future value function is convex in xt given jt, which is 
critical for the algorithm to behave correctly. In SDDP, 
the future value function at each stage is progressively 
outer-approximated through Benders cuts. Each iteration 
comprises a forward pass, where areas of interest are 
determined to refine the approximation, and a backward 
pass, where the respective Benders cuts are calculated.

If jt follows a stagewise-independent random pro
cess (as in the classic-SDDP method), it may be dropped 
as an argument of Qt+1. Therefore, only one set of cuts 

needs to be stored at each stage; otherwise, a different 
set of cuts must be stored under each possible value of 
jt, because the probabilities involved in the cuts com
putation are dependent on it (as in the Markov-SDDP 
method). Other than this, both the classic- and Markov- 
SDDP methods are based on same principles to com
pute cuts. For details on the algorithm, please refer 
to (Philpott and De Matos 2012, Shapiro et al. 2013, 
Löhndorf and Shapiro 2019).

Should be highlighted that the stagewise-independent 
case can accommodate some forms of stagewise 
dependency by a reformulation of the original prob
lem, in which the random parameters are assumed to 
follow either an additive or multiplicative dependency 
model with a stagewise-independent noise term, and 
previous stage values are added as state variables 
(Infanger and Morton 1996, De Queiroz and Morton 
2013). However, these conditions may still be restric
tive in some situations. For example, if random para
meters are better represented by also including some 
nonlinear transformation.

3. Multistage UC Model with Temporal 
Correlations

In this section, we outline the proposed formulation of 
MSUC. Its key features are as follows: 

1. Inclusion of all commitment decisions in the first 
stage under a multistage setting. To the best of our knowl
edge, this has not been done before. It is common to all 
the multistage stochastic UC models that we have seen 
that the commitment decisions are made dynamically as 
uncertainty reveals. Although these schemes are attrac
tive from an optimal operation perspective, they may be 
impractical due to the current two-settlement process, 
where the optimization of commitment decisions are 
made day ahead, in advance of real-time operation.

2. Explicit incorporation of temporal correlations in 
an SDDP setting. Contrary to reformulation techniques, 
this admits a broad range of stagewise-dependency 
models. For example, we consider a sigmoid transfor
mation of an autoregressive process to model wind 
power profiles.

3.1. Formulation of MSUC
We start by noticing that the nested structure of the 
problem (P) requires the state information to be passed 
from one stage to the next, and so on. This information 
includes the generation of thermal units at the previous 
stage (to define ramp rate limit constraints), the level of 
storage units (to declare energy inventory equations), 
and the committed schedule of thermal units decided 
in the first stage. Therefore, the entire schedule must be 
passed across stages, even if part of it is not needed 
until a later stage. This enlarges the state-space, which 
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is the main drawback of our model; however, in Section 
5.1, we will see a technique to deal with this difficulty.

All variables referenced to a time index less than 1 
correspond to initial conditions and are assumed to be 
known.

3.1.1. Master Problem (Period 0). The master problem 
decides the commitment schedule of generating units 
(i.e., on/off statuses of power units). It minimizes the 
start-up and shut-down costs, considering the future 
cost of operating the system under the decided sched
ule. It can be written as

min
X

g∈G

X

t∈T
(ug

tcg
SU + vg

tcg
SD) +Q2(x1) (4a) 

s:t: xg
t � xg

t�1 � ug
t � vg

t, ∀g ∈ G, ∀t ∈ T; (4b) 

XUTg�1

d�0
ug

t�d ≤ xg
t, ∀g ∈ G, ∀t ∈ T; (4c) 

XDTg�1

d�0
vg

t�d ≤ 1� xg
t, ∀g ∈ G, ∀t ∈ T; (4d) 

xg
t ∈ {0, 1}, ug

t, vg
t ≥ 0, ∀g ∈ G, ∀t ∈ T; (4e) 

where x1 � ({xg
t′ }g∈G, t′∈T ) denotes the state variables vec

tor. Constraints (4b) link the generators’ on/off status 
with the start-up and shut-down decisions. Constraints 
(4c) and (4d) enforce the minimum up and downtime of 
generators. The nature of variables is specified in (4e).

3.1.2. Subproblems (Periods 1 to 24). The system oper
ation is represented by several consecutive subproblems, 
each comprising a one-hour frame, where demand is 
satisfied at minimum cost, considering the cost of subse
quent subproblems. Generation cost is a quadratic func
tion that we approximate piecewise-linearly but only 
activates when the respective commitment variable does. 
The subproblem at stage t is stated as

min
X

i∈I
wgi

tcgi∆t+
X

b∈B
(Cp

lslsb
t +Cp

gsgsb
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(5a) 
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X
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X
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(5m) 

wgi
t ≥ 0, ∀g ∈ G, i ∈ I; (5n) 

�Fl ≤ fl ≤ Fl, ∀l ∈ L; (5o) 

0 ≤ pcp
t ≤ Capp

chg, ∀p ∈ P; (5p) 

0 ≤ pdp
t ≤ Capp

disc, ∀p ∈ P; (5q) 

Sp
min ≤ sp

t ≤ Sp
max, ∀p ∈ P; (5r) 

where xt � ({sp
t}p∈P, {pg

t}g∈G, {xg
t′ }g∈G, t′≥t ) denotes the 

state information passed to the next-stage subprob
lem, and jt � {Iw

t}w∈W denotes the random informa
tion revealed to the subproblem at stage t. Constraints 
(5b) and (5c) define the piecewise-linear approxima
tion of the generation cost function. Constraints (5d) 
specify the technical minimum and maximum power 
capacity limits for thermal generation, whereas ramp
ing constraints are enforced by (5 e) and (5f). Con
straints (5 g) specify the portions of wind power that 
are generated and curtailed. Energy inventory equa
tions for storage units are specified in (5 h). Linearized 
power flow equations (i.e., DC power flow equations) 
are represented by (5i) and (5j). Constraints (5k) and 
(5 l) represent bounds on the slack variables. Demand 
balance equations are specified in (5m). Bounds on 
variables are represented by (5n)–(5r) constraints.

Notice that Iw
t is a random parameter that represents 

the available energy due to wind and varies according 
to the scenario tree node being solved. Here, we explain 
how to build this tree.
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3.2. Wind Uncertainty Model and Scenario 
Tree Sampling

In addition to the structure of the optimization subpro
blems (and master problem), we also have to describe 
the wind scenarios over which they are solved. This is 
encapsulated by a scenario tree that is generated before 
the start of the SDDP algorithm and according to the 
following wind uncertainty model.

Let jt ∈ (0, 1)d be a random vector of normalized 
wind power at d wind units. We define jt � S(ĵt ), 
where S(·) : Rd→ (0, 1)d is the component-wise sig
moid function, and we assume that the z-score of ĵt 
follows a vectorial AR(1) model with Gaussian noise, 
calibrated from data. Specifically, for each compo
nent we calibrate a separate AR(1), and then we fit 
a multivariate normal distribution to the noise terms 
to capture the spatial correlations. This way, the 
autoregressive component introduces the temporal 
correlations, whereas by jointly modeling the wind 
variables at different units as a random vector we 
capture the spatial correlations.

The autoregressive component, if alone, could be 
reduced to the stagewise-independent case through a 
reformulation of the problem, and be solved by classic 
SDDP. However, this is not the case when the nonlinear 
(sigmoid) transformation is included, which ensures the 
wind profiles do not exceed the maximum capacity of 
the unit, thus making the model more realistic. There
fore, we rely on the Markov-SDDP method to introduce 
the described uncertainty model.

Under this setting, we can sample as many wind sce
narios as desired for the next 24 hours (we call these 
base scenarios), which we then use to build a recombin
ing scenario tree as depicted in Figure 2. However, to 
account for the correct temporal correlations, transi
tion probabilities must be carefully chosen; we rely on 
importance sampling (IS) for this task (Glynn and Igle
hart 1989, Tokdar and Kass 2010).

In IS, samples from a given distribution are appropri
ately weighted to approximate another distribution of 
interest. In our case, the resulting set of wind samples at 

a given stage follows the marginal distribution at that 
stage, while the scenario tree is intended to approximate 
the conditional distribution. This way, according to the 
IS approach, transition probabilities may be calculated 
as

p jt
j |jt�1

i� �
�

wt
ij

P
k wtik , (6a) 

wt
ij �

1
|J |

g(jt
j |jt�1

i)

f (jt
j)

, (6b) 

where g and f are the conditional and marginal density 
functions of jt, respectively, and i, j are used to index 
samples. The previous definition actually corresponds 
to the normalized IS weights, where the term wt

ij corre
sponds to the ordinary IS weights. This introduces 
some bias in the approximation (although it converges 
asymptotically to zero) compared with ordinary IS, but 
the variance is generally reduced. Besides, they may be 
directly interpreted as probabilities.

A scenario tree with no temporal correlations struc
ture may be constructed assuming that ĵt follows a 
pure noise process and considering equiprobable tran
sitions. This will be useful in our experiments, as we 
are interested in assessing the value of modeling tem
poral correlations.

4. Experimental Settings
4.1. Repetition Analysis to Approximate the True 

Stochastic Problem
In reality, the wind uncertainty is a continuous random 
variable; however, for tractability, we formulate the 
MSUC problem on a discrete scenario tree. We refer to 
the MSUC-like problem with continuous random vari
ables as the true problem and the (discretized) MSUC 
as the approximate problem.

Intuitively, a coarse-discretized uncertainty yields a 
smaller scenario tree that is easier to solve; however, its 
solution may behave poorly when evaluated under dif
ferent scenarios. Conversely, a fine discretization would 

Figure 2. Recombining Scenario Tree 

Notes. (Left) Base scenarios. (Right) Recombined scenarios.
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yield a good representation of uncertainty but would be 
impractical to solve. Therefore, it is necessary to measure 
the quality of the discrete approximation.

Under some mathematical assumptions, it is possible 
to derive statistical bounds on the true problem from 
the solution of the approximate problem through sam
ple average approximation (SAA) (Shapiro 2003). To 
do so, we must repeatedly solve the MSUC problem 
under different scenario trees (sampled from the con
tinuous distribution before each run, following the pro
cedure from Section 3.2) and compute bounds from the 
results.

The upper bound from SAA is obtained from any 
feasible solution to the MSUC because a solution for a 
given scenario tree yields an implementable policy. The 
expected cost of this solution can be estimated by sam
pling a great number of scenarios from the continuous 
distribution. This “out-of-sample value” is the upper 
end of the confidence interval for the mean cost over 
simulations. The upper bound on the true problem is 
the minimum out-of-sample value among the different 
scenario tree solutions.

The SAA lower bound is obtained by virtue of Jen
sen’s inequality. This result implies that the mean of 
the optimal values of the MSUC yields a lower bound 
on the optimal value of the true problem. The same 
holds if the approximate problems are not solved to 
optimality, but a lower bound is known (as is the case 
in SDDP if we take the master problem value at any 
iteration). Because we are solving a limited number of 
approximations (or repetitions), the lower bound on 
the true problem is obtained as the lower end of the 
confidence interval for the mean across repetitions.

The stochastic gap measures the quality of the solu
tions for a given discretization of the scenario trees. It 
provides a bound with respect to the optimal solution 
of the true problem, removing the bias induced by any 
specific tree chosen for the optimization procedure. 
The stochastic gap is defined as the relative difference 
between the upper and lower bounds on the true 
problem.

As the IS procedure explained in Section 3.2 provides an 
(asymptotically) unbiased estimator, the derived approxi
mate problem is also valid to compute the SAA statistical 
bounds; interested readers can find the details in Cordera 
et al. (2021).

4.2. Performance Metric for Unit 
Commitment Solutions

We are interested in comparing different SUC formula
tions (e.g., multistage versus two-stage). Therefore, we 
need a common metric to evaluate the quality of the 
commitment solutions each problem formulation 
obtains. Given a commitment solution, we evaluate its 
performance as the expected objective function value of 
the multistage formulation with temporal correlations, 
with the commitment decisions fixed. We construct 
SAA bounds for this problem. We choose this formula
tion as it more realistically represents the time horizon 
in which dispatch decisions are made, and therefore 
better approximates real operational costs.

Therefore, our experiments consider two phases: 
optimization and evaluation. The former refers to the 
phase where formulations are solved to produce com
mitment solutions, whereas, in the latter, we assess 
(under a common metric) the quality of the solutions 
found. In the evaluation phase, we use the same sce
nario trees and out-of-sample scenarios to find and sim
ulate, respectively, the dispatch policy associated with 
the different commitment solutions.

4.3. IEEE 118-Bus System
The IEEE 118-bus System comprises 54 thermal units, 91 
load nodes, and 186 branches, arranged in three zones. 
Additionally, we include three wind units (800 MW of 
installed capacity each) and three pumped-storage units. 
We locate these additional units at buses 17, 59, and 69 
(one wind-storage pair per bus). The pumped-storage 
units consider a maximum power capacity of 300 MW 
for both charge and discharge, a round-trip efficiency 
of 0.75, and a maximum energy storage capacity of 
1,800 MWh. To avoid an oversized system due to these 
additions, we reduce the capacity of the thermal units to 
75% of their original values. The peak demand of the 
system is 6,600 MW, and its total installed capacity is 
9,248.5 MW. We consider a high penalty cost of 5,000 
$/MWh for both exceeding generation and load shed
ding. We also modify the original ramp rate limits and 
generation costs of thermal units. The characterization 
by fuel type is shown in Table 4.

Following the global trend to decarbonize power sys
tems, we consider a coal-reduced scenario to drive sen
sitivity analysis on the proposed approach. We apply a 

Table 4. Characterization of Thermal Units (Mean Values)

Fuel type

Installed 
capacity 

(MW) Units

Maximum 
power 
(MW)

Minimum 
power 
(MW)

Minimum 
up/down 
time (h)

Ramp rate (MW/h) 
(relative to 

maximum power)
Marginal cost 

($/MWh)

Coal 5,411.3 33 164.0 58.6 6.6 30% 39.2
Gas 266.3 11 24.2 6.8 1.0 62% 78.9
Oil 271.0 10 27.1 12.4 1.2 100% 150.0
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20% reduction on the original maximum power of coal 
units, and again we limit all the thermal units to 75% of 
their (resulting) generation range.

System data are obtained from a public repository 
of the Illinois Institute of Technology (2003). The wind 
power stochastic process is calibrated from wind data 
by Pinson (2013).

4.4. Chilean System: A Real-World Application
To test the scalability and materiality of our approach 
on a real-world application, we consider the Chilean 
power system by 2021 (current) and 2030. In 2021, the 
system comprises 227 buses, 332 branches, 137 load 
nodes, 166 thermal generators (11 GW), 20 wind units 
(2.3 GW), 52 solar units (3.3 GW), and 28 hydropower 
generators (6.8 GW), 6 of them with dam regulation 
(4.9 GW). The system installed capacity is 23.5 GW and 
the peak demand in the day studied is 11 GW. We con
sider a high penalty cost of 5,000 $/MWh for exceed
ing generation and 1,000 $/MWh for load shedding. 
We assume wind power as the only source of uncer
tainty, as its predictability is significantly lower than 
solar power and demand. In 2030, and following gov
ernment’s projections (Ministerio de Energı́a 2021), we 
assume that demand will increase by 25%, coal capacity 
will be reduced to 3.1 GW, and solar and wind capacity 
will increase to 9.8 and 8.3 GW, respectively. We also 
assume the installation of new transmission lines in 
accordance with government’s plan. See Figure 3 for an 
stylized diagram of the system. The associated data can 
be download from Cordera et al. (2023).

Because of the important presence of hydro resources, 
we carry out our analyses under two hydro scenarios: 
normal and dry. We disregard wet hydro scenarios as 
their excess of flexibility from hydro resources makes 
the variability of wind generation irrelevant in deciding 
the unit commitment problem for the next day and does 
not provide an interesting case study as those under 
drier scenarios. Dry hydro scenarios seek to model scar
city conditions in the electricity market, which, in reality, 
may not be triggered necessarily by a generalized lack 
of hydro resources but by increased values of other water 
uses that compete against energy production (e.g., re
creational, environmental, agriculture). Going forward, 
this will become progressively more important due to 
the increased socio-environmental awareness by policy
makers and regulators.

5. Computational Results
5.1. SDDP Configuration: Convergence and 

Regularization
As general SDDP settings, we sample 30 base scenarios 
to derive a recombining scenario tree (which is gener
ated prior to running the algorithm), we implement a 
single-cut approach and perform only one simulation 
at each forward pass. As the stopping criteria, we con
sider a maximum of 400 iterations or six hours of exe
cution time or a 0.1% convergence gap. To evaluate 
convergence, we update the upper bound estimation 
every 50 iterations, based on 200 simulations (to reduce 
variance in comparing the upper bounds, we use the 
same 200 scenarios each time, sampled from the recom
bining scenario tree at the beginning). At the end of the 
algorithm, we choose the minimum upper bound pol
icy (which is not necessarily the one from the last eval
uation). Finally, the chosen policy enters as a candidate 
for best policy in the SAA procedure.

The iterative nature of SDDP causes high variability of 
the solution objective value after each iteration. In high- 
dimensional spaces, this may turn into a chaotic search 
with extremely slow convergence (Asamov and Powell 
2018). Indeed, our preliminary tests presented this be
havior when including commitment decisions at the 
master problem, which increases the state-space dimen
sion because the complete schedule must be passed 
across stages. Regularization techniques may signifi
cantly fasten SDDP convergence in high-dimensional 
settings, as shown by Asamov and Powell (2018), who 
developed a quadratic regularization approach with 
proven convergence to an optimal policy after a finite 
number of iterations. They introduced regularization as 
a vanishing (as iterations progress) term in the objective 
function that penalizes deviations of the state variables 
with respect to their values in the last forward pass (we 
call this the reference value). Its purpose is to steer the 
solution toward a known region of the future value 

Figure 3. (Color online) Stylized Representation of the Chil
ean Electricity System, Indicating Key Pieces of the Transmis
sion Network and the Location of Main Load Centers and 
Generation Resources 
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function. The regularization term is
1
2ρ

k(xt � xt
k)

T Rt(xt � xt
k), (7) 

where ρ ∈ [0, 1) is the decaying rate of the regulariza
tion, which is raised to the power of k (the iteration 
index), xt

k is the kth iteration reference value, and Rt is 
a positive semidefinite matrix used to address any scal
ing concerns across the state vector components.

As SDDP relies on sampling, the scenarios at two 
consecutive iterations may significantly differ from 
each other, and therefore deviations may actually be 
desired. To soften the impact of these extreme shifts, 
we instead define the reference value as an average of 
the previous iterations. Specifically, we consider an 
exponential moving average (which places a greater 
weight on the most recent values):

xt
k+1 � (1� α)xt

k + αxt
k, (8a) 

xt
2 � xt

1, (8b) 

where α ∈ (0, 1] is a coefficient that represents the degree 
of weighting decrease, and xt

k is the kth iteration solu
tion value. Another difference in our regularization 
approach is to use the absolute-value distance instead of 
the Euclidean distance; the sole purpose of this is to keep 
things linear. Thus, our regularization term is

ρkrt
T |xt � xt

k | , (9) 

where rt is a nonnegative vector used to scale compo
nents. The nature of this term is similar to that of Asa
mov and Powell (2018), as it vanishes as iterations 
progress; we only use a different norm.

To determine the value of rt, we solve a few iterations 
of the algorithm with no regularization and then choose 
the average coefficients of the Benders cuts for each state 
variable. The purpose of this procedure is simply to esti
mate a reasonable penalization scaling. Additionally, we 
consider ρ � 0:99 and α � 0:7.

5.2. Results on the IEEE 118-Bus System
To assess the value of the proposed MSUC formulation, 
we compare the commitment solution’s performance 
determined by different schemes of temporal correla
tion and time horizon representation. We solve the fol
lowing cases: 

• MS-Markov: MSUC with temporal correlations.
• MS-indep: MSUC with no temporal correlations.
• 2S-Markov: two-stage SUC with temporal correla- 

tions.
• 2S-indep: two-stage SUC with no temporal cor- 

relations.
• determ: deterministic UC with reserve require- 

ments.
The MSUC model is described in Section 3.1, and 

temporal correlations are included by means of the 
transition probabilities determined by the procedure 
described in Section 3.2. Besides, the base scenarios 
uses to derive a multistage tree are used to build the 
respective two-stage counterpart, and the scenarios are 
equally weighted. The two-stage SUC is described in 
Appendix A.

To estimate the stochastic gap, the stochastic formu
lations (namely, two-stage and multistage) are solved 
considering five repetitions evaluated under 1,000 out- 
of-sample wind power scenarios generated from the 
corresponding temporal correlation scheme. For exam
ple, for MS-Markov, this means we generate five dif
ferent recombining scenario trees whose probabilities 
account for the temporal dependency, we solve each 
of them with SDDP, and the resulting policies are 
evaluated under the same set of out-of-sample scenar
ios. The same for MS-indep, but the trees and out-of- 
sample scenarios are generated as if no temporal corre
lation exists.

The deterministic UC approach, determ, is of practi
cal interest as it is a current standard in the power 
industry to determine the commitment schedule of 
generating units. We solve it using the mean wind 
power at each stage, and the reserve requirements at 
each zone are computed as the difference between the 
maximum and mean power generation of nonrenew
able units (effectively, we assume that renewables can
not provide reserve services, although this may change 
in the future) under the MS-Markov policy. These 
requirements are somewhat idealized because they are 
determined based on the stochastic version of the prob
lem, which may not be available in practice.

Table 5 shows the summarized results for the above 
models. In both the optimization and evaluation phases, 
the best value refers to the best solution value found for 

Table 5. Summarized Results for the Optimization and Evaluation Phases

Model

Optimization Evaluation

Best value 
(102 $ per day) Stochastic gap

Best value 
(102 $ per day) Stochastic gap

Relative 
performance

MS-Markov 27,169.91 3.46% 27,147.83 0.83% 0.00%
MS-indep 27,255.91 9.54% 27,535.93 1.96% 1.43%
2S-Markov 26,859.12 0.39% 27,739.26 3.82% 2.18%
2S-indep 26,811.00 0.16% 28,012.50 4.75% 3.19%
determ 26,815.26 — 27,882.13 4.39% 2.70%
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the respective optimization problem, whereas the stochas
tic gap relates to the optimality guarantees (not shown for 
determ in the optimization phase because it is not a sto
chastic model). In the evaluation phase, the relative perfor
mance is with respect to the lowest best value policy; in this 
case, the one derived from the MS-Markov commitment 
solution. Best value is not a comparable performance 
metric in the optimization phase because the values refer 
to conceptually different optimization models.

In Table 5, the results of the evaluation phase show 
that it is more valuable to formulate UC in a multistage 
fashion rather than including temporal correlations, 
although including neither is even worse than the 
deterministic formulation with reserve requirements.

Ideally, one would like to solve all models to the same 
gap level to make clearer comparisons. However, it is 
not possible to determine the time and resources needed 
to do that in practice. In this sense, we think the diffi
culty to reach a specific gap (with limited resources) is 
inherent to a given model and is part of the comparison. 
Therefore, we make sure to use the same configurations 
(namely, the level of sampling and stopping criteria) any 
time we compare multistage problems solved by SDDP, 
which are the most time-consuming in our experiments. 
In general, the deterministic, two-stage and multistage 
runs take dramatically different computational times by 
nature, on the order of seconds, minutes and hours, 
respectively.

5.2.1. Commitment Results. Figure 4 shows the com
mitment solutions determined in the optimization phase. 
As expected, the perfect foresight assumption in both the 
two-stage and the deterministic formulations (albeit to a 
different extent) permits to efficiently accommodate gen
eration across the day to avoid the use of more expensive 
thermal units. This is in opposition to the case of multi
stage formulations (this behavior is complemented with 
Figure 5, where we notice that multistage formulations 
commit higher amounts of thermal capacity). Conversely, 
we notice that the incorporation of temporal correlations 
(Markov formulations) makes the commitment solutions 
look more spread across the day compared with their 
uncorrelated counterparts. This may be explained by not
ing that extreme (lower, in particular) wind events are 
likely to persist in time when temporal correlations exist, 
and the system must deal with them more frequently 
than in the absence of correlations, where extreme events 
tend to cancel across time.

5.2.2. Operational Results. In this section, we show the 
solutions obtained by simulating the policies found in 
the evaluation phase. Results are averaged across 1,000 
out-of-sample scenarios.

We verify that exceeding generation is zero for all 
cases. Conversely, Figure 6 shows that both the amount 
and frequency of unsatisfied demand events are higher 

for commitment solutions different from MS-Markov. 
This impacts the dual prices of the nodal balance con
straints (i.e., nodal energy prices), whose values equal the 
penalty cost any time load shedding occurs. Figure 7 pre
sents the evolution of these prices during the day and their 
variation across nodes; lower prices indicate that an 
increase in demand can be accommodated more efficiently.

With these energy prices, we can determine the de
mand payments (the amounts of money to be paid by 
customers for the energy supplied). Figure 8 compares 
these demand payments under different commitment 
solutions; results are consistent with the evaluation phase 
values shown in Table 5, in the sense that lower-cost solu
tions report lower demand payments. This illustrates that 
the inefficiencies of a lower-quality commitment solution 
directly affect customers in a negative fashion. Interest
ingly, although the two-stage and deterministic formula
tions commit fewer thermal units (and capacity) than 
the multistage formulations, the demand payments are 
higher. This means that a higher total income is distrib
uted among fewer participants, whereas the opposite 
occurs in the multistage cases. Another interesting find
ing is that the most expensive solutions from the consu
mers’ viewpoint are those delivering lower reliability 
levels. Thus, MS-Markov solution is the most efficient 
one from both the economic (Figure 8) and reliability 
(Figure 6) perspectives. These results demonstrate that 
system operators and regulators should be careful 
because different approaches lead to different economic 
and reliability performances and significantly different 
prices, which, in turn, may affect generators’ incentives 
and send incorrect price signals to market participants, 
as pointed out by Sioshansi et al. (2008).

5.2.3. Coal-Reduced System. Table 6 shows the results 
of the experiments on the coal-reduced system. As 
before, the MS-Markov is the best solution. However, 
the difference with respect to the other stochastic formu
lations is reduced, whereas the determ solution is signifi
cantly worse. By reducing the coal capacity, the system is 
pushed to rely more on oil and gas units, which are more 
expensive but also faster. This may reduce the impact of 
wind variability as the system can respond more quickly 
to different contingencies, which explains the smaller dif
ferences between stochastic formulations. Conversely, 
both the reduction in system capacity and the conse
quent use of more expensive generation units may boost 
the participation of energy storage units (despite unde
sirable charge/discharge inefficiencies), which would 
more negatively affect the deterministic formulation as it 
is less prepared to deal with high net demand scenarios 
(demand minus the contribution from renewables).

Importantly, considering the global trend to decar
bonize power systems, operators should be aware of 
these results since the deterministic model is the cur
rent standard in industry.
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5.3. Results on the Chilean System
5.3.1. Current Practice. We compare the solution’s per
formance of the MS-Markov, 2S-Markov, and determ 
approaches. To appropriately represent the current 
deterministic practice in Chile (Coordinador Eléctrico 
Nacional 2021), the latter, renamed as determ-desv2, is 
determined with reserve requirements calculated as two 
standard deviations of the wind forecast error at each 
hour (2σt

wind). Additionally, we also evaluate determ- 
desv3, the traditional 3σt

wind criterion (for a discussion on 
this subject, see Silva 2010) to study the performance of 
the Chilean approach if reserves were increased.

When solving the stochastic formulations (i.e., 
MS-Markov and 2S-Markov), the stochastic gap estima
tion relies on the same settings used in the IEEE 118-bus 
system experiments (i.e., number of repetitions, discre
tization level, and out-of-sample scenarios). Table 7
shows the stochastic gaps reached in the optimization 
phase. We notice that 2030 cases are more difficult to 
solve, but still a reasonable gap is reached.

Figure 9 compares the expected costs of commitment 
solutions (including start-up, shut-down and generation 
costs) when evaluated over the same set of scenarios. We 
notice that the commitment solutions coming from 

Figure 4. (Color online) Commitment Solutions (Optimization Phase) 

Note. Thermal units are ordered according to increasing generation cost (e.g., unit 0 represents the cheapest unit).
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deterministic approaches have a slightly smaller expected 
cost than the stochastic ones in the current system. This, 
however, is reversed for the projected 2030 system, where 

stochastic approaches have a significantly smaller expected 
cost than the deterministic ones. Every model evaluated 
incurs in higher costs in the dry scenario.

Figure 6. (Color online) Load Shedding 

Notes. (Top) Volume of unsatisfied demand (on average) as a proportion of the total demand. (Bottom) Number of scenarios where load shed
ding occurs as a proportion of the total number of scenarios.

Figure 5. (Color online) Committed Thermal Capacity 
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Regarding the small differences observed among the 
solutions in 2020 (about 0.1% of the total cost of the 
day), these can be explained due to the high flexibility 
levels of the current Chilean system (provided by ramp- 
flexible thermal units and important storage capacity 
of reservoir units). This flexibility allows to straightfor
wardly accommodate moderate wind variations even 
when uncertainty is not explicitly modeled (as in the 
deterministic models). Because the installed wind ca
pacity is more significant in 2030 and so is the impact of 
its uncertainty, the system becomes less flexible to adapt 
to the higher wind uncertainty, leading to the larger 
cost differences among the UC decisions.

Regarding the better performance of deterministic 
models in 2020, this can be justified because stochastic 
approaches are harder to solve, becoming increasingly 
harder near optimality. Therefore, some efficiency can be 

lost compared with deterministic approaches when uncer
tainty is low, which is accentuated in the MS-Markov 
(over 2S-Markov) due to its inherent complexity.

As mentioned earlier, interestingly, the improve
ments of the proposed approach are more significant in 
the 2030 system under the dry scenario, which is justi
fied due to the greater presence of uncertainty and the 
limited capability from hydropower plants to provide 
storage/flexibility services.

Finally, the 2σwind criterion used currently by the Chil
ean ISO tends to outperform the more widely used 3σwind 
criterion. This means that, for the case of Chile, the latter 
overestimates the amounts of economically justifiable 
reserves that are required to secure system operation. This 
also demonstrates the importance of adopting, in deter
ministic approaches, appropriate requirements of reserves 
that are both technically and economically justifiable. 
Next, we argue that appropriate reserve requirements to 
be considered in deterministic models can be found using 
stochastic approaches. This would be a straightforward 
manner to introduce stochastic UC models in practice.

5.3.2. Straightforward Combination of Deterministic 
and Stochastic UC Models. The need for reserves 
to hedge system operation against risks originated by 
renewable sources depends on a number of factors. 
Importantly, the exact amounts of reserves, their alloca
tion among power units, their locations in the network, 
and their dynamics are endogenously determined by 
MSUC, whereas, in deterministic approaches, these have 
to be determined exogenously. In this regard, we evalu
ate an additional deterministic approach to the previous 

Figure 7. (Color online) Dual Prices 

Notes. (Left) Average dual price over the day at each bus. (Right) Average dual price over all buses at each hour.

Figure 8. Demand Payment Under Different Commitment 
Solutions 
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ones, determ-msuc, based on reserves calculated by the 
MS-Markov case (as explained before in the IEEE 118- 
bus system section).

In Figure 10, we compare the expected cost increase 
(relative to MS-Markov) associated with the commit
ment solutions coming from the previous determ-desv2 
and determ-desv3 but also from the new determ-msuc. 
We notice that determ-msuc significantly outperforms 
the other reserve-based UC approaches in the 2030 sys
tem under the dry scenario. In the other conditions, 
where the system features enough flexibility to adapt to 
wind uncertainties, the determ-msuc approach remains 
comparable to the current practices. Notably, the im
provement associated with determ-msuc in the 2030 dry 
scenario is related to the specific dynamics of the 
assigned reserve capacity, which is appropriately cap
tured by the MSUC model.

Furthermore, we believe that the determ-msuc solu
tion can be further improved by creating various zones 
or subsystems with different reserve requirements 
(determined by the MSUC model). However, this will 
require modifications in the ancillary services market 
to recognize different requirements per zone. Instead, 
the current system-wide reserve requirements used 
in the Chilean deterministic UC model can be straight
forwardly improved by calculating them using the 
MSUC model as demonstrated here. This represents a 
reasonable first step toward the full application of sto
chastic UC models.

6. Conclusions
In systems with high uncertainty in energy availability, 
as those with increasing participation of renewables, cur
rent practice in determining the commitment schedule of 

generating units can lead to poor solutions. We propose 
a multistage SUC model under temporal correlations 
from renewable generation. Our model comprises a 
multistage setting that can be solved using a variant 
of the SDDP algorithm, including regularization tech
niques to accelerate convergence, which allows han
dling large-scale problems. We numerically demonstrate 
its capabilities to produce high-quality commitment 
solutions.

Experiments on the IEEE 118-bus system, in which 
both renewables and energy storage are considered, 
show that our model outperforms other stochastic 
models (e.g., two-stage) and the traditional determinis
tic formulation (with reserve requirements). In multi
stage settings, convergence is harder when temporal 
correlations are disregarded and produce poorer qual
ity solutions. It is also shown that the deterministic for
mulation significantly deteriorates (relative to other 
stochastic formulations) when coal-units capacity is 
reduced, which is a key consideration going forward in 
the coming decarbonization era. A vital feature of the 
solution obtained by our model is that both economic 
and reliability performances are superior to the rest, 
meaning that our solution is the one with the lowest 
expected energy not supplied, being the most afford
able to consumers too.

Results on the Chilean system show that the proposed 
methodology scales to solve real-world problems. We 
observe that, currently, the Chilean system features suffi
cient fast and flexible generation capacity, reducing the 
value of the stochastic solution. However, we also observe 
that, going forward, in situations with increased renew
ables’ penetration and degraded generation flexibility 
(i.e., less hydro availability), the proposed methodology 
provides a more cost-effective unit commitment solu
tion than the current practice in industry. Furthermore, 
we propose a deterministic UC strategy based on our 
MSUC approach that is akin to the current industry 
practice and outperforms it in situations without gener
ation flexibility.

Apart from the previously mentioned conclusions, 
particular to our work, stochastic optimization features 
other general characteristics that are essential going 

Table 7. Stochastic Gap for the Optimization Phase in the 
Chilean System

Model MS-Markov 2S-Markov

CurrentSystem 1.10% 0.79%
CurrentSystem-Dry 0.97% 0.64%
2030System 3.23% 2.23%
2030System-Dry 3.16% 2.31%

Table 6. Summarized Results for the Optimization and Evaluation Phases in the Coal-Reduced System

Model

Optimization Evaluation

Best value 
(102 $ per day) Stochastic gap

Best value 
(102 $ per day) Stochastic gap

Relative 
performance

MS-Markov 28,775.92 5.06% 29,197.76 3.01% 0.00%
MS-indep 29,123.86 8.15%a 29,516.74 4.61% 1.09%
2S-Markov 28,301.87 1.72% 29,496.53 5.17% 1.02%
2S-indep 28,013.75 0.53% 29,556.68 5.21% 1.23%
determ 27,784.16 — 33,218.36 7.13% 13.77%

aIn the optimization phase, we notice that one of the repetitions in the MS-indep case exhibited notoriously poor 
convergence. We recognize it as an outlier and exclude it from the stochastic gap calculation.
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forward. First, stochastic UC endogenously tests 
whether power can be delivered in real-time operations 
and, by doing so, identifies, in advance, the units that 
should be committed in the next day. This is a funda
mental difference with the current deterministic 
approach applied by industry, where the allocation of 
the (exogenous) reserve requirements among genera
tors does not recognize network congestion and other 
complexities that occur in real-time operations. Second, 
stochastic UC directly balances costs and risks in its 
objective function, which is fundamentally different 
from deterministic models that minimize costs only 
under an “average” scenario. The latter is significantly 
problematic in future power systems dominated by var
iable renewable generation and can lead to commit
ment plans that are not prepared to deal with actual 
realizations of uncertain parameters (e.g., renewable 

generation). Clearly, stochastic optimization shows sig
nificant advantages in operating future power systems, 
although complexity, tractability, and the computa
tional burden associated are issues that must be appro
priately addressed. In this context, we successfully 
demonstrate how to efficiently solve hard, realistic 
instances of MSUC with temporal correlations by using 
SDDP. Moreover, without our model, treatment of tem
poral correlations (which are fundamental to capture 
renewables uncertainty realistically) within SDDP will 
be significantly less efficient.

Algorithmically, although the Benders cuts (used in 
our SDDP implementation) are tight, they are not nec
essarily the best. This is because they implicitly assume 
that the state variables are continuous, whereas, for 
example, commitment variables are binary. In this 
vein, future work should consider alternative cuts such 
as those presented in Zou et al. (2019). Specifically, 
Lagrangian cuts may improve convergence as they bet
ter approximate the future value function by incorpo
rating the information related to the binary nature of 
some state variables.

Appendix A. SUC: Two-Stage Formulation
The two-stage formulation of SUC is closely related to MSUC 
(presented in Section 3.1). They both have the same master 
problem and share the same operational constraints in the 
subproblem but with a different time horizon representation. 
Although MSUC has 24 nested subproblems, each represent
ing a 1-hour frame for the next 24 hours, the two-stage coun
terpart has a single (and bigger) subproblem accommodating 
all the constraints and objectives for the next 24 hours. This 
single subproblem makes the operational decisions of the first 
hour knowing the wind scenario in the last hour of the day, 
and therefore the problem assumes perfect foresight in each 
scenario. Since the difference is in the subproblem, here we 

Figure 9. (Color online) Expected Cost (and 95% Confidence Intervals) of Commitment Solutions in the Chilean System 

Notes. (Left) Current system. (Right) 2030 system.

Figure 10. (Color online) Expected Cost Increase (and 95% 
Confidence Intervals) of Deterministic Commitment Solution, 
Relative to the MS-Markov Approach, in the Chilean System 
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only present the subproblem formulation:

min
X

t∈T

X

i∈I
wgi

tcgi +
X

b∈B
(Cp

lslsb
t + Cp

gsgsb
t)

 !

∆t (A.1a) 

s:t: pg
t �
X

i∈I
wgi

tpgi
t, ∀g ∈ G, ∀t ∈ T; (A.1b) 

X

i∈I
wgi

t � xg
t, ∀g ∈ G, ∀t ∈ T; (A.1c) 

xg
tPg

min ≤ pg
t ≤ xg

tPg
max, ∀g ∈ G, ∀t ∈ T; (A.1d) 

pg
t � pg

t�1 ≤ xg
t�1Rg

up + (1� xg
t�1)Rg

SU,

∀g ∈ G, ∀t ∈ T; (A.1e) 

pg
t�1 � pg

t ≤ xg
tRg

down + (1� xg
t)Rg

SD,
∀g ∈ G, ∀t ∈ T; (A.1f) 

gw
t + cw

t � Iw
t, ∀w ∈W, ∀t ∈ T; (A.1g) 

sp
t � sp

t�1 + (ηp
chgpcp

t � pdp
t=ηp

disc)∆t,

∀p ∈ P, ∀t ∈ T; (A.1h) 

flt � Bl(θebl
t � θsbl

t), ∀l ∈ L, ∀t ∈ T; (A.1i) 

θref
t � 0, ∀t ∈ T; (A.1j) 

lsb
t ≤

X

d∈Db

dd
t, ∀b ∈ B, ∀t ∈ T; (A.1k) 

gsb
t ≤
X

g∈Gb

pg
t, ∀b ∈ B, ∀t ∈ T; (A.1l) 

X

g∈Gb

pg
t +

X

w∈Wb

gw
t +
X

p∈Pb

pdp
t +
X

l∈Lbin

flt + lsb
t

�
X

d∈Db

dd
t +

X

l∈Lbout

flt +
X

p∈Pb

pcp
t + psb

t,

∀b ∈ B, ∀t ∈ T; (A.1m) 

wgi
t ≥ 0, ∀g ∈ G, i ∈ I, ∀t ∈ T; (A.1n) 

�Fl ≤ fl ≤ Fl, ∀l ∈ L, ∀t ∈ T; (A.1o) 

0 ≤ pcp
t ≤ Capp

chg, ∀p ∈ P, ∀t ∈ T; (A.1p) 

0 ≤ pdp
t ≤ Capp

disc, ∀p ∈ P, ∀t ∈ T; (A.1q) 

Sp
min ≤ sp

t ≤ Sp
max, ∀p ∈ P, ∀t ∈ T: (A.1r) 

The subproblems in the MSUC formulation are indexed in 
t ∈ T, and Constraints (5b)–(5r) for each of these subproblems 
correspond exactly to the constraints in (A.1b)–(A.1r) for that 
t ∈ T. The subproblem for the two-stage formulation has the 
constraints for all the time periods together. The objective of 
the subproblem of the two-stage formulation is the sum over 
t ∈ T of the objectives of the subproblems of the MSUC formu
lation, eliminating the future cost function.
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